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wurth seleuIBmsanliunuddelunisui dammadenssuasavnis wellamsud Yy @eiivue
WUUTIADINNANAAIENT AUUANISITAFAUNTI DTUWANG Aruan1STlaundind AuuanISB9IIUIU-
Wi Jayneaiu wuudiasdlasadng wuudaesianaands Jymnsvudsazdeiu Jywnis veunne
U LwﬂﬁﬂmiLLﬁﬁiymmﬁLﬂuﬁmMWL%ﬂﬁﬁwum nsimaulansldaly wiuouuazaades AL [GE
nufvesuniney Awnasilunaznszuiunsalaueaiin mslduvudaesaniunsniiien1sinaula
Introduction to the methodology of operations research in industrial engineering problem solving.
Techniques for solving deterministic problem. Mathematical models. Linear programming. Simplex
method. Dynamic programming. Integer linear programming. Dual problems. Network models.
Inventory model. Transportation and transshipment problems. Assignment problems. Techniques
for solving non-deterministic problem. Decision making under uncertainty and risk. Game theory.
Queuing theory. Probability and stochastic processes. Application of simulation model for decision

making.
iebToeRie
(@ wurihszdeuisnsaniuanidglunisunlayvimaeinssugnamnig Intro to OR
(b) watinn1sunUgyn1aninun Solving deterministic problems
(© wuudtasmAsiafans Math models
(d) AMUANISITLEURATS Linear Programming
(e) 35Fuwand Simplex method
() Jaymamau dual problems
(g) muuanslslauning dynamic programming
(h) AMuUANSIBEIUIUAN Integer linear programming
() wuudnaodlasevie network models
() Ugyyminsvudsiazainiy transportation and transshipment problems
(k) Jgymnsueununesu assignment problems

() wuudnaewianAIAGe inventory models
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(m) wadiansuideymalddutlymidaiivun solving non-deterministic problems

(n) msandulangldanuluuiusunazanuides decision making under uncertainty

(0) MguNY game theory

(p) MU VDWNIABE queuing theory

(@ anuthazdulagnszuiunisalauaain probability and stochastic processes

(N mslkuuInapsEnuMsaiiian1sanaula simulation models

7. 1ATPIUNANTELUIINENERN TGN

(a) AMETTL 35T
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IGEAGH
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waznnsudnneiigndasnmszilounminends

10% \iunzuuunnaseiifiGeunieliisdu

i. 193581V ITUMNAVINTUaEIVTN wazdianusuiinveulugiugdusenauivdn suudatnlana

USunnedeanveivdnimnssdluusiavanun Asdernaudisdagdu
AanuiidtenazaunIasnissvasifalunsiisiufanssuasundngns
5% annzuUULLRUINANANTR

(b) A3
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(b) exams and quizzes 60 %
i. QU @oudaE 10 %
i. MID @unansniIA 20%
iii. FIN nsaeaula 30 % (cumulative)
NsUsEIUNANIEEY BendunazBann il
(@) A 80+
(b) B 70+
(c) C60+

(d) D 50+

ONATDIUUTENDU
(Required) Introduction to Operations Research, Frederick S. Hillier, Gerald J. Lieberman, (10th Ed)
2015

Hlusnsaou $ung a0 13:00-14:30 184 9501 Wag W5 AT 16:00-17:30 e 9202
WAUABINAADY W5 1281 16:00-18:00 e 8302

office hours FUNSuarns a1 8-9 uaz Ws AN 15 -16 (by appointment only TARANIINUNRISEU
wihtiy) Aanuvisedededeneg MneatunsBeunsaeuliaulaenseive.daoussnitaEeu ndaseu
vvefinmIvvinuu

A151958UlneUTTIE

(@ wupihsudeuTBnisiniunuddelunsundynmidianinssugaainnis Intro to OR
duaninl 1

(b) matiansuAteyndanimun Solving deterministic problems
duaninl 1

(© hUUTIABINIAUAAIENT Math models
dUanian 1-2

(d) MUANISITLEURATS Linear Programming
dUasin 2

(e) 35Fuwand Simplex method
duaninl 3-4

(f) YsymaAu dual problems
duaninl 5

(9 mwuan1Wslaudng dynamic programming
dUansidl 6
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(i)
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(m)

(n)
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AMVUANSITITIUIULAN Integer linear programming
dUaninl 7 (asunansniaduaiidaly)

Ugyyinsvudsiayaniu transportation and transshipment problems
dumnvin 8

Jgyyinsueununesnu assignment problems

dUaial 9

wuUI1ae9lAsIv1Y network models

dUmnif 10

WUUR0INERAIARY inventory models

duanuin 11

weliansuitymaludutymideiimua solving non-deterministic problems
dUanin 11

nsanaulanielaanuliiuieuuagaiudss decision making under uncertainty
duanuinl 12

MufNY game theory

duainn 13

VU UDLIABY queuing theory

duanvinl 14

AnunvdulaznszuILNSalaLAERN probability and stochastic processes
dUaian 15

nslduuudassanunsaliiiensinaula simulation models

dUmnin 15
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review

0.2 linear algebra

1. MInaiuvesunInduazaandi

WUURNIA 0.2.1. 99911 A x B 4@ B x A waziasalnainle
Tng

Y [3 6]73_ [3 2] i [1 2]
2 4 4 3 2 3
2. matrix determinant
WUURNYA 0.2.2. 9391 determinant of B
3. N19U inverse YOIUNING AI83BN15 Gaussian elimination
WUURNYA 0.2.3. 99111 inverse of A and B LLasuaﬂqmauﬁamaq determinant AU inverse
4. Inverting a 3x3 matrix using Gaussian elimination

WUURNYA 0.2.4. 939911 Gaussian elimination Y89UN3ng D
1ng

Tog )
1 0 2
E=101 0
0 1 1]
3591 Hint: )
100
E=10 10/ M
0 0 1]

11
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LUURNIA 0.2.6. 1935015 Gauss—Jordan (matrix reduced row-echelon form) WBWIANNBUNINUAVDS
syuvanNseelUdns akansInssuvaunshiimneu:

201 + 2o+ 23 =7 (1a)
31’1 + 29 + 2273 =11 (1b)
$1—ZE2+£E3:2 (10)

0.3 probability

random variable, pdf, and expected value

1% X 1u discrete random variable | expected value of X Ju

= ZxP(X =1)

wuuRndia 0.3.1. [4] duidengnuea 2 gnannlavidgnueadund 8 gn @1 4 gn uagddu 2 gn dnmnidenlagnae
wlaliugnay 2 neaans widmnlagndvnavdeadeluanag 1 aeaads 11 X unudtuinld-de aam

Arnudululs (possible values) 109 X
AANUnazlu (probability) 9esusay event
uazA1AUAIANIY E[X ] (expectation) annisdulusasass

& X 1Ju continuous random variable 713 probability density function Ju f(x), expected value of X is

ElX| = /_Z zf(x)dx

wuuineia 0.3.2. [4] 99y E[X] e density function a4 X fig
2¢, f0<z <1

fx) =

0, otherwise
wazasuanad f(z) dauaudfdu density function

298149 0.3.1. Foe19n1518 matrix Lag probability fuaa un1salidiiouass
uauunluAsaUTINUarsoeud anluddusaussnnazaumesasud nildluinAusaeuREaumEUIIIN 98
AP IUYRITNUUALAEIOUTIVNULAUY
ad o 1% < = A4 o A & = € o v w a
35911 W X, \Ju state (8n13g) vesszuuing n luiil daes states Aonsilusaussnnyisesagud dmsudun
n (Auil n+1 Fedudaaindull Aufl n-1 Aedunsunthil amnudululdnluaniig n Tudi@ane ntl defiudueu
Wupe

25 75 { v ' v =4
P= ) g dowlid py; Iandumnudululdmutymi

pi1 = AUl ne1 Jusausinn maﬂuw n \usausvn P12 = AUl ne1 Lﬂuiaaum dlofudi n Jusaussnn pa; =
Uil ne1 L‘LJ‘LJiﬂ‘Uii‘V]ﬂLEJE] fuii n Busooud D22 = fuit n+1 Wusaoud Weodudi n Dusausmn
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AN57991 1: matrix components representing probability

JOUTINN  S0EUA

RUIINN P11 P12

I3
INYUA D21 D22

v o v N ™ N s
ausaltuannisui ey markov chain e T = Ju limiting probability lalag

U
7P =7 auaudAves limiting probability (2a)
Z m=1 auauifvesnnudu probability (2b)

i

v

wuufiniia 0.3.3. $ruszthseviedesaudveniniuie WHesidonn Jusddn uwazdesnseiisnes Wniudnae
WasulUin Wessurluusazienlnl amumdnnnsssi

30% vesthaudusidennvaaioud wwwdsuldaudusadadiountn 1->2 20% vesiniudedidoanveaiou
i avdsuluindesnsyianoniounth 1->3 30% vestniudeiadaveaioud svwdsuluindesnsyines
Weunih 2-53 30% vesnudednsrisneweniioud sxdsuluiudesadaiounth 3->2 10% vesiniy
Jesnseimewenieud sxwdsuluiudeddeniounth 3->1
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UNN 1

SLIUEUITNITANUUITUIVYLUDIAY

1.1 wushszideudsnsaniiuauddglunsundyminnedainssuanav

13

1.1.1  OR Timeline [2]

1. 1937 yaisusuvaslavinisiiunisveawauuy travelling salesman problem Merrill M. Flood gy
TSP 1 colleague WuzUNINAAAUISIIAINOU

2. 1939 KKT conditions 1939
William Karush funueulvdmiurmaeufiilumaeuifingn vesdgmimuanisilildidadu H w.
Kuhn, A. W. Tucker Aunu conditions tagnnulul 1951

3. 1941 Ugynsvuas
first statement of the classical transportation problem (the shipping of goods from supply origins to

demand destinations at minimum cost) is due to Frank L. Hitchcock

4. 1947 LP
A linear-programming problem can be stated mathematically as follows: Minimize (or Maximize) cx,
subject to Ax — b, where c is a (1 x n) row vector, x is a (n x 1) column vector, A is an (m x n)

matrix, and b is a (m x 1) column vector. First stated in this form by George B. Dantzig

5. 1947 Simplex Method

invented by George B. Dantzig as a solution procedure for solving linear-programming (LP) problems

6. 1947 the definition of OR
Charles Kittel (1947) Operations Research is a scientific method for providing executive departments
with a quantitative basis for decisions.
Charles Goodeve (1948) to read: “Operational Research is a scientific method of providing executive
departments with a quantitative basis for decisions regarding the operations under their control.

11538 AluN15AR IS NN IneAansinan1sanaulaeUsunalunisafiunisusuisneldnig
andulamuninnng

15
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7.

10.

11.

12.

13.

14.

15.

16.

17.

ung 1. seudeuisnisaniduaive ey

1950 statistical decision theory

decision making under uncertainty

1950 the prisioner's dilemma

The story, first told by Albert W. Tucker to a group of psychology majors at Stanford University, is
based on a strategic game developed by Merrill Flood and Melvin Dresher of the RAND Corporation.
Two men, charged with a joint violation of law, are held separately by the police. Each is told that
(1) if one confesses and the other does not, the former will be given a reward of one unit and the
latter will be fined two units, (2) if both confess each will be fined one unit. At the same time
each has good reason to believe that (3) if neither confesses, both will go clear. This situation gives
rise to a simple symmetric two-person game (not zero-sum) with the following table of payoffs, in

which each ordered pair represents the payoffs to | and II, in that order:
13197 1.1: A Two-Person Dilemma Payoff

confess  not confess
confess (-1,-1) (1,-2)
not confess  (-2,1) (0,0

Clearly, for each man the pure strategy “confess” dominates the pure strategy “not confess.”
Hence, there is a unique equilibrium point given by the two pure strategies “confess.” In contrast
with this non-cooperative solution one sees that both men would profit if they could form a coalition

binding each other to “not confess.”

1950 dynamic programming

dynamic programming is an optimization technique for multi-stage decision problems based on the
principle of optimality: For any optimal policy, whatever the current state and current decision, the
remaining decisions must constitute an optimal policy for the state that results from the current

decision.

1950 OR in agriculture

1953 OR in railroad classification yards
1953 revised simplex method

1954 dual simplex method

1955 stochastic programming

1961 Little's Law

1964 complementarity problems

1982 GAMS
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Basic Optimization Problems

2.1 watanswiUgyneninua Techniques for solving deterministic

problem

YaymiBarivium (deterministic problem) Fiataymn#1il assumption I1teyassAuseneuvesdymiaiuuiueoy
wu siedumaedulidfinauudsusiu (probability distribution) AesduA1 Usuna demand and supply tWugu
Aeg1sUsynay

#1989 2.1.1. [ US¥W Giapetto’s Woodcarving Hanvasiauliaasatepaviunmsuaz saln unmsvielu
5101 27 Aeaa wotuuarliTagAu 10 Aeaans MakAnvuusardndu UL UGS overhead 14 paaan$
solwwnelusia 21 aeaanidetuuaslingiu 9 aeaans nssolwusioy Suifiudunuuusiuuas overhead 10
Aoaa1s MIkanvunmMIkae salildussnuaesUssinnfetalduas drannusis viunmsusazdldnisanues 2
Hilus wazussamanalsl 1 Hlus salvlusagilinisanuss 1 $als wazussnudelsl 1 92l Tuusas dunnsi
U3t Giapetto’s Woodcarving ansnsamingauldegiaiiesme udiussnunnuss 100 Falusuazusanugals
80 a1 50l demand laidAnusumvnsueldlaiAu 40 MsedUani U Giapetto’s Woodcarving #aanns
I lssiodunnifigeign (91818-sunw) asTelumansadinmansidufmuamadaduiiassaaunisald v
Giapetto’s Woodcarving alvilsfigean 35 deyatrsduanunsontsmnudduldssd

1. Yunmsuazsal

2. vunmnsnglusian 27 aeaans detuuarliianiu 10 aeaans manAnuurasiuRudy 14 peaans
3. salvvglumen 21 aoaanidetuarliingiu 9 aeaans masaliusardufiudunu 10 peaans

4. nswdaunimskagsalildissnuaentssinmaeinsliivazinsmnusa

5. Yunmsusazslinisnnusi 2 2l wagusanuanalsl 1 dlu

6. solvusiazildnmsnnues 1 92lus wazusenugalsl 1l

7. vsgmanunsamingaulaegiaiiusme

8. WATILINIUANLAY 100 TLUwALKTIUY19b] 80 F7Tu4

17



18 ‘UV/ﬁ' 2. BASIC OPTIMIZATION PROBLEMS

9. s0lnil demand laidfinusviumsualaliiu 40 dareduns
10. Usemdesmslamlssiaduaninigedign
FouGedniilevilunamsadinaan sl

1. viunmsuglamlsiag 3 aeaans uay salvvielamlsinas 2 aeaans

2. viumnausiagildnmannues 2 92l solwusagildnmannuss 1 9alus uiuTEnilusanunnuss 100 92l
3. vuymnslussengneldl 1 alue uazsalugelsl 1 9lus wivSemilussansnsldl 80 Halus

4. viunmsuelalaiiiu 40 dsedUany

5. U3mdesnislerilsraduniiviaeiian

Assumptions of linear programming problems

o
o

WTAIMBUTBINsAzAaNsAB UL AneuraITUARANLASILYDIMUUANISTAEUNIETD

1. Proportionality assumption

fueviuvishe 2 frasiinmlswinle daengld 10 fesdimlswile

2. Additivity assumption
aueunmsla 2 61 salwlld 3 da aedimlsuinle

3. Divisibility assumption
fUIEUISA 2.5 i azdiinlsvile

4. Certainty assumption

AR IvHavastyvnlunsned 2.1 Ianuwiueun %

Wudslunsuntymludnvardfon19ad19luudnaoIneatnfmEn SUAILAMIBATNNANUANTIBIE TUunaU
usnlunsuadgmAenisasisuuuinasmsadinransdmiulomiiu

2.2  LUUINAINNAMIAATERT Mathematical models

NFIDY wanwsaleuteyalieglugunisslaciail

M15799 2.1: Yayalaymn Giapetto’s Woodcarving

Mlspor  uenwee 9l hRRhG
YUNMS $3 2 7 lwu  demand < 40
sabwl $2 1 9y 1 93

40INNH/AIUADINT max <100 91 < 80 %y

\SIENTONVUA 21 WUTIWIUNINEAYUNIT To WNUTIIUNITHERUTA I

fonm 2.2.1. 1 uay x, 139071 Aanusanaula (decision variable) vasdayim



2.2 WUUTI09NNAENAIaNS MATHEMATICAL MODELS 19

ToyaanNAITN @ 151984715 max 321+ 225 Inenuanuasaznuliiduluaudeiivun fe 221 +x4 < 100
wae 71 + 9 < 80 @ demand Vosjunms A ;. < 40 Huiuisiuadu wwudiaemsadamans fail

JUT 2.1: Unuunnsgwveslymimuanisidadu (linear program)Standard form of LP

mar 2= 3x1 + 219 (Fanismlsasiian) (2.1a)
s.t. 211 + 29 < 100 (QUANLLEI) (2.1b)
T+ < 80 (91ulad) (2.10)

r < 40 (demand ¥891UNM3) (2.1d)

T1,To > 0

figna 2.2.2. Hleiduvesannis @.1d) Buni Wanduinguszasa (objective function) vaelagymn

dow 2.23. @11 - @.1d) Soni1 sun1s Feesun1s) Fasin (constraints) weailywn desamds non-
negativity constraints, 1, £y > 0, e

' '
aa

Rzt kuUTIaemeataaans LlumaAineunananlaedsn1smeimuansgaduy

wuuURnin 2.2.1. [[7] USHU Leary Chemical ndnasiafianuesig A, B, uay C lagndnr1uanInIsuIuns nse-
vumsviluazass Mmavinszuaumaniana 1 $9lus Tdunu 54 uagli A i B wilsmie waglvi C nils
iy Mahnszuaunsasana 1 9alus Tunu $1 walk A nilamise B uilise Llemeuausinwsionis
Y0IgNA1 UTENATARINGR A BE iy 10 Mg B egwtiey 5 iy C agwtiey 3 nidlgreTu 2aliisnmsninsm
WlemusumsHaRTIEiF UYL gauAT A UALDIANFDINTYBIgNAN

v
o

wuuRnia 2.2.2. ndgymndiegnad LNFAIDYNVDIAUNFFIUNIE VR VRIMUUANT DY

wuuilndia 2.2.3. () Toudesmamunaiiuiifionnyen fesugnininauassyfvdmsulmamzdgni fud
Ugnsnyits 1 1oines Tinawdn 25 ynwauazliussnu 10 alusieduand ufivgninnlue 1 ewref Wikandn 10
yuwakagltusanu 4 $lusdedai Syfiv 1 ywawieldlusan 4 asaans $12lwe 1 yowawgldlusen 3
poaans fufinsugnilegiisduay 7 awesuazilussnuey 40 Falusseduni Sguraruuslismaiuusiare
Y oo

Fosdinandndilnaegntos 30 vawaluganiat Wi z; Wuvinaiuiinzugnuesdilng wae oo Wuvuu

e

a v A Yo v a e v o a v 4 ° v o S A v
‘WumLW']zUQﬂsUaﬂﬁﬁy‘Wsﬁ 6[:‘11151’3LLU?@@&UIQUIUMM?’Nﬂﬂw/immiL“UﬂLﬁu%%m ﬂ']ma“UiViﬂ‘UIﬂu’]LW@VW&;"V‘W?WEJIWV]

al

gangnandnlnauas Syl

Y
35911 5ranansatveyat el uaUA T bAR

15199 2.2: Yeyalgymlaunynils

Yiinadan wakdn  wssu sielasieyuives
WY (GIEED) (owa)  @e  (eaand)
TR T 1024 474 3
Sy T 2514 1025 il
193NNA/ANUABINT <7 10z, > 30 <40 max

[

nmas g wagldsmuamsdadugd
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mar 2= 30z + 100z (FRamsselageiign) (2.2a)
s.t. i< 7 (@odnfanaitud) (2.2b)
10z; > 30 (HaNART I INATuN) (2.20)

4z, + 1029 < 40 (FINNANIITIIW) (2.2d)

r1, 0> 0 (2.2e)

fiu 2.2.4. feasible solution veslgmiruanis@aduremneunienisandulandulumudedinia (constraints)
Y0aUgyn

infeasible solution fia solution 7ilikdulumudesiinladesiands
wuuRndia 2.2.4. 7] anuuuRniie flasieluilifiu feasible solution
1. (2,3)
2. (4,3)
3. (2-1)
4. (3,2)

AR A

¥
a

Welmungvesnsdnaulavasuliazvilidnevveslymiaululalivsnunldlunsdedulalaense Tunsaidl
nswdsuiusviseasisinusindagyililadaymniirneunsewmiuingussasduinauy

wuuRndin 2.2.5. Msdguimuds [7] anuuuinia Tiduusdndula o1 Wudsnuyswavesdnlnad
anliuaz zo WuUSnayrwavessyfiviindala asadeimvuanisdaduredauilv

[

ad o o a v a 1 )4 dgl
3590 ndmuaniadady ©.4) wdeulmildsd

maxr z= 30y; + 100y, (FRamsselageiign) (2.3a)
s.t. Aty < 7 (Fosriameiiui) (2.3b)
10y, = 30 (narAnT I lnatuen) (2.30)
dy; +10y; < 40 (FINNANIIUTIW) (2.3d)

y,y2 > 0

W 21 = 10y, waz 29 = 257, Uan (@) sudouduy
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max

s.t.

[

wWasulvegluguansnulacsil

max

s.t.

viedsummasetoyaiusulmifimnme b4 udrhind@eutmuansdadilmifesldaudetu @.9)

30 100
Exl + gxg
1 1
1—0331 + %.1'2
Lo
10
Exl + %xl
Ty, T3
3x1 + 4o
1 1
E{L’l + %ZUQ S 7
T Z 30
T+ 20 < 40
T, 02> 0

< 7
> 30
< 40
> 0

(VoINAANIINUT)
(NANARUIINATUAN)

(VBANNANIITI9)

M3 2.3: FeyatalaunvalslugudSunamandn

e

HANAR Wuh WS99 sela
ivetd yuva  lemeddoyniva alus  meaandreyuiva
TR T & 42, 3
Sy T % 10z 4
Ja91nn/MmNuRBINs | 21 > 30 <7 <40 max

wuudaesmuedinAansanansadeulsnslusvauns@adulasluguamsndunusiiegensioluil

21

(2.4a)

(2.4b)
(2.4¢)

(2.4d)

(2.5a)
(2.5b)

(2.5¢)
(2.5d)

f19819 2.2.1. USYW Dakota Furniture Nammastiaes taeiut1n We@eounilade wazind tnglunisnanmesi-

wos wrazvindaaldliarussnuanalssnvasvisldivazdnamnuss Usunaundesddidulumunisiai @

v

TngAuuazussunilogluvasiiiduiuliuay 48 vn wssnudiemnues 20 F3lue wazusenugld 8 43lue 1id

yiasunglusian $20 TazAudmieaivielusian $30 Welsuniadanianiivialusian $60

USENTINNSIATIEVNAIAWAINUTN demand vaelAeAut1dllifuing? dudndessienisil demand lidnia

Wennnusanuuaz Ingauiiniauudl uS¥n Dakota Furniture 339Banssesuiiaean

Tsnlsdnaulaidusasaludl
a o v A A a
z1 = Usunadlfeleumisdenng
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M1597 2.4: Resource Requirements for Dakota Furniture

Resource Desk Table Chair
Lumber (board ft) 8 6.5 1.5
Finishing hours 4 25 1.5

Carpentry hours 2 1.5 0.5

a & a v o a
T = Uill']mimgﬂum’]jmwg“\lﬁ

a v A
T3 = UTUULNIBNNGR

wuuaeudadunaninisindulanisndeaiieneliggaazdudweluil

mar z= 60z + 30x9 + 2023 (2.6a)
s.t. 8ry + 6o + 23 < 48 (Lumber constr) (2.6b)
4r1 + 229+ 10253 < 20 (Finishing constr) (2.60)
2rx1 + 1.525 + 0.523 < 8 (Carpentry constr) (2.6d)
o < 20 (Limit on table demand) (2.6e)

1,29, 23 > 0

@

anansaeulvioglugy matrix lanadl

max Z=CX

st. Ax <b
x>
60 8 06 1 48
eic= [30]| A= 1|4 2 15| b= ]20
20 2 1.5 0.5 8

wuuRnie 2.2.6. [7] Truckco WansaUTINNARITLA ¥UAN 1 Uaz ¥laT 2 N1sHERTaLsasnfIlIUNTEUIUNNT
AuaznszuIuMIUseneay dnvewihd@huisasiind 1 egrumerazyile 800 fAu fviesindvinudsoviinil 2 o8
= oV v vy v o i a A 1 = I 4 v Y v o o o ' a 4 1
Wenagyile 700 Au dvieauseneuviuAsnuind 1 eg1ufedvziinld 1500 Au dviesvindviussouini 2 aeg
Weagyila 1200 Au saussvnaied 1 i1l 300 aeaans saussvnaiiad 2 3Mls 500 Aeaans 2adsulunanis
adinransiduivunnisdadudiassaniunisalil Truckco aglimmlsiigean

wuuEiniia 2.2.7. [7) Dorian Auto HAnsaguilazIInTzULTERUNIM Uismieonngugndmanejuansield
g9 ielidndsgnénguil Dorian Auto FaadlasanTnsifa uasteralawan 1 wfinnaesenis Mentsman
warsensuwisdurnuea aslswanly senisean uwiagsenisaanazianeligesury 7 duau miuselige
Sury 2 duau adlawanty Senmswiiunnueaudasensaslanglagesun 2 Suau viunelageums
12 aueu Aadlawan 1 wiiilusienisnandsinn 50,000 Aeaals way Aadlawan 1 uiiluseniswiadulnuea
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#157A1 100,000 Ao@a1$ Dorian Auto fesnsastasanilgyuanisulags 28 dueu wasvuielags 24 du
Au T AN agaLdumIsnsTv Dorian Auto adlawanamuimuamesuyutosign

wuurnvia 2.2.8. [7] USEM Furnco waliivuaziing Wieusazialdld 4 mie 11ald 3 wihe Wiglviilsdaay $40
Windlimlsdnay $25 dedriavmenisaaiaviliinswdsindseadusdislosaesvinvesnisudnliy dilliey 20
g wmmvuensiaduiemMlsasanvesuisn uwaundymeiginsmansiv

wuuRlnvin 2.2.9. (7 wuidunwnsnsiifiauer 45 ewnesilon1sugninlnauazdned uiazioiesvestnlng
Trils $300 usiagiatrasvasdnandliils $200 dadruvesussuuarofidodddmsunsmnzugniduluna
n19197 p.3. Taeflussanuiedu 100 aukards 120 fu Wimuansdaduionununamedgn delmaldils
gefign

gy

dl o + Yo o o  w = ¢
MINN 2.5: ﬁﬂa’m%a\‘lLLix‘NﬂuLLazqEJV]G]’eNi‘Uﬁ”MiUﬂ’]iLWW%UQH&’M%UMUQL@M@?

Wheat Corn

Labor 3 workers 2 workers

Fertilizer 2 tons 4 tons

2.2.1 Multiple Optimal Solutions

' '
aa

Ty Amuansdaduanasidineunananuinninnilsiney

WUURNR 2.2.10. (7] USEVHERTAEUALAYIAUTINN WBTausaeAuasfasinunssuIunsHudLaznsUsENaU 0
usinudsaussmninvegiabied aslaiuag 40 A dnuwssasudaglaiuag 60 AU G1vin1sUsEnoUwAsaUTINN
lngagaded agleduaz 50 Au d1usznauussaeudazlafuag 50 Au sausannlamlsduas $300 saeudlanils
Auay $200 T muan1sadunnaununisdalilanlgee

2.2.2 Infeasible LP
Y wuenmsidadueialdfismneumdululs

wWuURnin 2.2.11. [7] ausddifamesaesnisiiusenludiegie HARNTAUTINNBE1TBY 30 AU UArIUUA
athatfey 20/ aadsudedrdafiniuianntym p.2.10 waginsaifmeeuiiagldanimuanisidady

WuuRndia 2.2.12. [7] Boris Milkem vhgsfianssnumsuanilisuluasivesdiuasluana franc uazeuinily
ana dollar Tunaiiesdiu Boris @1a150%e franc lnadne .25 dollars sie franc wazie dollars lngd1y 3 francs
s dollar T 2, = USunameaaninde (@edunsa) zo = USunansende @reuneaais) desinfiiieantns
a A A A = = . Y aa o sav 1a ° a Y g Y oa & al
Wende Tunaniesdunilennd Boris desliRunfiuazaeaaniilifinau mimuan1s@aduililsinuneaaisn
gefigaanmsvingsnssuil

2.2.3 A Diet Problem
A#E o a v dy & = a _~
nidlutgymmnuanisdaduiugiufelgvinisidenysunauasysennemisiunisusion

wuuBniia 2.2.13. [7] My diet requires that all the food | eat come from one of the four basic food groups"

(chocolate cake, ice cream, soda, and cheesecake). At present, the following four foods are available for
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consumption: brownies, chocolate ice cream, cola, and pineapple cheesecake. Each brownie costs 50 ¢,
each scoop of chocolate ice cream costs 20 ¢, each bottle of cola costs 30 ¢, and each piece of pineapple
cheesecake costs 80 ¢. Each day, | must ingest at least 500 calories, 6 oz of chocolate, 10 oz of sugar,
and 8 oz of fat. The nutritional content per unit of each food is shown in Table 2. Formulate a linear

programming model that can be used to satisfy my daily nutritional requirements at minimum cost.

mawﬁl 2.6: Nutritional Values for Diet

Type of Food Calories Chocolate (Ounces) Sugar (Ounces) Fat (Ounces)
Brownie 400 3 2 2
Chocolate ice cream

(1 scoop) 200 2 2 4

Cola (1 bottle) 150 0 4 1
Pineapple cheesecake

(1 piece) 500 0 a4 5

WUURNYA 2.2.14. [[7] Peg and Al Fundy have a limited food budget, so Peg is trying to feed the family as
cheaply as possible. However, she still wants to make sure her family members meet their daily nutritional
requirements. Peg can buy two foods. Food 1 sells for $7 per pound, and each pound contains 3 units of
vitamin A and 1 unit of vitamin C. Food 2 sells for $1 per pound, and each pound contains 1 unit of each

vitamin. Each day, the family needs at least 12 units of vitamin A and 6 units of vitamin C.

1. Verify that Peg should purchase 12 units of food 2 each day and thus oversatisfy the vitamin C

requirement by 6 units.

2. Al has put his foot down and demanded that Peg fulfill the family’s daily nutritional requirement
exactly by obtaining precisely 12 units of vitamin A and 6 units of vitamin C. The optimal solution

to the new problem will involve ingesting less vitamin C, but it will be more expensive. Why?

224  Ugywinnuan1sidaduaus

WUURNYA 2.2.15. [7] U.S. Labs manufactures mechanical heart valves from the heart valves of pigs.
Different heart operations require valves of different sizes. U.S. Labs purchases pig valves from three
different suppliers. The cost and size mix of the valves purchased from each supplier are given in Table
@. Each month, U.S. Labs places one order with each supplier. At least 500 large, 300 medium, and 300
small valves must be purchased each month. Because of limited availability of pig valves, at most 700
valves per month can be purchased from each supplier. Formulate an LP that can be used to minimize

the cost of acquiring the needed valves.

wuuBniia 2.2.16. [7] Goldilocks needs to find at least 12 b of gold and at least 18 b of silver to pay the
monthly rent. There are two mines in which Goldilocks can find gold and silver. Each day that Goldilocks
spends in mine 1, she finds 2 lb of gold and 2 lb of silver. Each day that Goldilocks spends in mine 2,
she finds 1 lb of gold and 3 lb of silver. Formulate an LP to help Goldilocks meet her requirements while

spending as little time as possible in the mines. Graphically solve the LP.
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fn5197 2.7: Data for pig heart valve manufacture

Cost Percent Percent Percent

Supplier PerValue (§) Large  Medium  Small

1 5 40 40 20
2 4 30 35 35
3 3 20 20 60

2.3 AAUANISIAINLEY Linear programming

v
=

VuANISTAEUADTE NI AMBUNATIanvekuUTIaRINAdinFansNTlauduius By Tunideiauiloe
e 1% =8 a 9 Y o1 ad ada ¢ ax a
na1iie nMsuideymilmeguuuuiisne iy laun 35ns1v 35Tauwand wazlagTBdymuasnguieaiy

2.3.1 2515 graphical method

dusulunsalinamnsaadisuuudnassluaeslinla wiaunaldisnsm (graphical method) Tunismeneuiia

=

Panle sasalUll

q

1. #9158 feasible region Ml9antednfnvestymlnenisilisunsinain constraints
JUN 2.2: n3luans feasible region vaslaym

o (x 10 $)

2,771 + 1o = 100

ZE1+I2:80

6 T (x 10 gh)

fiv 2.3.1. feasible region Aevinves feasible solutions (Wufiusinuguii p.2)

813 2.3.2. extreme point %38 CPF cornor-point feasible solutoin AggndLAIRNUNTINGUN @ Ao

[

1Wugnnves feasible region

Hgw 2.3.3. AmaUNANEASENIT optimal solution fa feasible solution NATIEN
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2. #1584 Objective function ka121An5 M iso-profit lines

(a) Lﬁaﬂﬁ;mﬁmaﬂammﬁw @ W (40,40) (20,60) Wag (40,20) LaunuAaslu Objective function
Weovniduannisidunss

[

(b) vldaunislaiiudiuiugainden Al

3r1 4229 = 200 WA (40,40) aslu (2.8a)
3x1+2r,= 180 wNUA (20,60) aglu (2.8b)
3x1 4+ 2x9 = 160 WUAT (40,20) aglu E (2.8¢0)

(@) thauns iso-profit fildlunaadlunsi .4 axlds b g
g‘dﬁ 2.3: A3l isoprofit line .84 vostlam

Ty (x 10 §)
10 1

N 31+ 2 = 200

21 ] 1 2 3 4 5 6 g (x10#)
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Ty (x 10 62)

10 1

SU# 2.4: nsmiuans isoprofit line voadgymn

G\ By + 25 = 180

-2 -1

—1 4+

Ty (x 10 62)

10 1

gﬂﬁ 2.5: N3 UEn3 isoprofit line veadgymn

+ 229 = 160

-2 -1

—1 4+

27
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g‘uﬁ 2.6: N3RS 3 isoprofit lines vaadgyn

Ty (x 10 §)
10 1

-2 -1 | 1 2 3 4 5 6 1 (x 10 67)

3. mnreuvealymilAe optimal solutoin 2* = (20, 60) waz optimal value z* = 180 AonanYUNIT

@

20 ¢1 Wansaln 60 61 wazlanilsyanun 180 naaans

JUN 2.7: neuansnmuszneunmsmameulagisniwvestym

Ty (x 10 §)
10 1

MAYDIPNA N UNATIER

2 -1 ] 1 2 3 45 6 g (x10#)

figu 2.3.4. binding and non-binding constraints A9

89 2.3.1. auddmuansdadudsoludseisng (1)
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JUN 2.8: nemuansnmUsznaunsmameulagisninvestym

I = 10
2o = 200
19 = 180

AAVDIANAINDUNANER

L T, + 29 = 80
—2—} | 1 2 3 4 5 6 1 (x 10 A7)
o |
max z = 3021 + 100z, (2.9a)
s.t. Tt <7 (2.9b)
r1 > 3 (2.9¢)
dry + 10z < 40 (2.9d)
r1, 9> 0 (2.9¢e)

ad o
3591
1. Weunsmuans feasible space
W50 feasible region laandedninvestymilaenisileounsivain constraints

feasible space va3tlgym @
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gﬂ‘ﬁ 2.9: nWuans feasible region veslgm @

2. LAY iso-profit asuunsIv

feasible space vastgym

wuuflndia 2.3.1. swufimusnisdadudeeluiseiinam i)

max

s.t.

30x1 + 10025
301 4 1002,
30z + 1002,

= 300
= 350
= 370

— T -+ — T2

IN IV

v

wWuA1 (10,0) agly
wnue (5,2) aghu

wNUA (3,2.8) aglu

30
40

wuuRndin 2.3.2. WiguieulariansalAneuvesiiegns WAL UUHNYR

(2.10a)
(2.10b)
(2.10¢)

(2.11a)
(2.11b)

(2.110)
(2.11d)
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gﬂﬁ 2.10: n91¥uens feasible region uagidy iso-profit ¥@eleym Q

X2

T

MuruANISBLdURSIRoNsLALUUTIaRIAdarans Tanunsalimneunseausaventaintywiuliisneu
Hlussagnmitirta sidudmusmsdadunsdeTBaumandgoad luunil wazuftmuanisdadu @.1) fe

ada s ada
AOVUNANTRBDIAA

JUN 2.11: wignadiladldnism CPF iivevnemeuifvian 1

Chapter 4: The Simplex Method
L—Graphical Interpretation of the Simplex Method (Section 4.1)
L tntroduction

Chapter & The Simplex Method
LGraphical Interpretation of the Simplex Method (Section 4.1)
L mportant Propertios

Adjacent CPFs

» For an LP with n decision
variables, two CPF solutions are
adjacent if they share n — 1
constraint boundaries.

» Two adjacent CPF solutions are
connected by an edge of the
feasible region.

> (0,6) and (2,6) are adjacent.

> (2,6) and (4,3) are adjacent.

Why All the Fuss Over CPF Solutions?

Important Property #1

If an LP has a single optimal solution, it is a CPF solution. If an LP
has more than one optimal solution, at least two are CPF solutions.

o

Chapter 4: The Simplex Method

Limportant Properti

ethod
of the Simplex Method (Section 4.1)

Chapter 4: The
L Graphical Inte
L important Properties

Why is IP #1 True?

%

Chapter 4: The Simplex Method

o

1

How Many CPFs Are There?

» P #1 means that we can focus only on CPF solutions and
ignore the rest of the feasible region.
» There are an infinite number of feasible solutions
> (assuming there are at least 2).
» There are a finite number of CPF solutions
» (assuming feasible region is bounded and there are a finite
number of constraints).
» That means we can focus on a much smaller set of possible
answers.
» Can we just examine every CPF?

o

Chapter 4: The Simplex Method 12
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JUN 2.12: wignadladldnism CPF iivevnAmeuifvian 2

Chapter 4: The Simplex Method
LGraphical Interpretation of the Simplex Method (Section 4.1)
L Important Propertios

Chapter 4: The Simplex Method
L Graphical Interpretation of the Simplex Method (Section 4.1)
L mportant Properties

How Many CPFs? cont'd

> If there are n decision variables and 7 functional constraints,
how many constraint boundaries are there?

» How many ways can we choose n constraint boundaries?

> Answer:
m+n\ _ (m+n)!
n T mln!

> If m = 50 and n = 50, there are 102’ CPFs to examine

» If you could examine 1 billion CPFs per second, it would take
you
3,170,979, 198, 376 years

to examine all of the CPFs.

Chapter 4: The Simplex Method
Chapter 4: The Simplex Method

Why All the Fuss Over Adjacent CPF Solutions?

Important Property #2
If a CPF solution has no adjacent CPF solutions that are better,
then it must be an optimal solution.

In other words, if we find a CPF solution with no better neighbors,
we can stop looking—there are no better solutions anywhere.

13 Chapter & The Simplex Method

LGraphical Interpretation of the Simplex Method (Section 4.1)
Important Properties

Chapter 4: The Simplex Method
L_Graphical Interpretation of the Simplex Method (Section 4.1)
Important Properties

Why is IP #2 True?

Chapter 4: The Simplex Method

The Punchline

Taken together, IP #1 and IP #2 mean we can find an optimal
solution by:

1. Starting at any CPF solution
2. Moving to a better adjacent CPF solution, if one exists

3. Continuing until the current CPF solution has no adjacent
CPF solutions that are better

This is the essence of the simplex method.

15 Chapter & The Simplex Method

JUN 2.13: wignadldldnism CPF iievnemeunavian 3

Chapter 4: The Simplex Method

LGraphical Interpretation of the Simplex Method (Section 4.1)
L—Solving the Wyndor Glass Example

Chapter 8: The Simplex Method
LGraphical Interpretation of the Simplex Method (Section 4.1)
L Solving the Wyndor Glass Example.

Simplex Method Example

Initialization (Step 0): Choose (0,0) as
the initial solution.
(Even if we don't have a graphical picture,

(0,0) is an easy solution to find if it's
feasible.)

Optimality Test:

Z(0,0)=3x0+5x0=0
Z(0,6) =3 x 0+5x6=30
Z(4,0) =3 x4+5x0=12

Therefore, (0,0) is not optimal.
Chapter 4: The Simplex Method

Simplex Method Example

Iteration 1: Move to a better feasible
solution:

» Either edge leads along an improving
direction. We'll pick the edge that
leads up the &, axis.

» Stop when we hit the first constraint
boundary, 22 = 12.
Optimality Test:
Z(0,6)=3x0+5x6=30
Z(2,6)=3x2+5x6=36

Tharafara (0 A ic nat antimal
Chapter 4: The Simplex Method

Chapter 4: The Simplex Method
L Graphical Interpretation of the Simplex Method (Section 4.1)
LSolving the Wyndor Glass Example

Chapter 8: The Simplex Method
L_Graphical Interpretation of the Simplex Method (Section 4.1)
Saluing the Wyndor Glass Example

Simplex Method Example

Iteration 2: Move to a better feasible
solution:

> Only one edge moves along an
improving direction: 275 = 12.

» Stop when we hit the first constraint
boundary, 3z; + 2z = 18.
Optimality Test:
Z(26)=3x2+5x6=36
Z(4,3) =3 x4+5x3=27

Therefore, (2,6) is optimal.
Chapter 4: The Simplex Method

Optimal Solution

» So the optimal solution to the Wyndor Glass example is
(w1, 72) = (2,6).
» The optimal objective value is 36.

> (This is the same solution we found using the graphical
method in Chapter 3.)

Chapter 4: The Simplex Method

2.3.2  25%uwand Simplex method

aca & . A aa ° Aaa ° a v a .

Tauwand Simplex method Fieisn1smiAmeunafgavaslaymivuansdadu 1ngi3uangn extreme point
= v . o Aa o 1 = . . o a v

wile uazludagn extreme point dnluifAniu aunitazluiiagn optimal solution a1nfnuANTaLd (@) 131

o wave X
aunsaseusaslullanad
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max /4
st. Z =31
21,
T
T

Simplex Tableau steps

Initialization

14 slack variables x5, x4, x5 YNk constraints vJu equations as above

19 decision variables 11 NBV
19 slack variables 1y BV

—21’2

+I9

+I2

+x3

Basic Coefficient of: Right

Variable | Eq. | Z | 1 x2 23 x4 x5 | Side
Z @|1{-3 2 0 0 O 0

T3 PBvjo} 2 1 1 0 0] 100
Ty @Jloy1 1 o0 1 0 80
Ts ®»Jj0}1 0o 0 0 1 40

Optimality test: optimal LﬁaLLawiaLﬁanﬂé’uﬂizﬁw%mm Eq.0) luuan > 0

andalal optimal pivot TU8Y iteration daly

Iteration 0

+JI4

+ 5

100
80
40

(0)
(1)
2)
(3)

33

1. @90 entering BV 911 NBV lnaidanain negative coefficient variable with lowest index in (0) [ Blandes'
Rule] (wartansaulhmileulunisne) lunide =,

Basic Coefficient of: Right
Variable | Eq. | Z | 1 o X3 x4 x5 | Side
Z @(1{-3 -2 0 0 O 0
T3 BV |1o] 2|1 1 0 0] 100
Ty 2 0] 1 1 0 1 0 80
Ts ®»joj 110 0 0 1 40

2. \d@en leaving BV Tagld minimum ratio test mdndiu@iduswiuuiniues RHS Auaduussansves

entering basic variable (1) fulsniiandndrutiosiignaziiu leaving BV Ao s

Basic Coefficient of: Right
Variable | Eq. | Z | 1 x2 x3 x4 x5 | Side | Ratio
Z @(1{-3 -2 0 0 O 0
T3 (10| 2 1 1 0 0| 100 50
Ty 2 |0 1 1 0 1 © 80 80
zs | @ |o|()]o o o 1] 4 | 40
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3. pivot ¥ Gauss Jordan elimination process lvgunis entering-leaving variables tJu 1

Basic Coefficient of: Right
lter. | Variable | Eq. | Z | ®1 X9 X3 x4 x5 | Side
0 Z |13 -2 0 0 O 0

T3 110} 2 1 1 0 0] 100
T4 2 0] 1 0O 1 0 80
T @|o|(Mlo o o 1] 4
1 Z (10 -2 0 0 3|12
T3 M{o] o0 1 1 0 -2] 2
Ty @1]0] 0 o 1 -1 40
Ty 3 10| 1 0o 0 o0 1 40
Iteration 1

0. check optimality conditions: row 0 with negative value = non-optimal

1. 180N entering variable: x5 first indexed with row 0 negative value

2. 189 leaving variable: ratio test = a3

3. pivot
Basic Coefficient of: Right
Variable | Eq. | Z | 1 x93 x3 x4 x5 | Side | Ratio
Z @Jj1710 -2 0 0 3] 120
3 |@Wlojo (|1 o 2| 20 | 20
T4 @1lolo0o| 1]0 1 -1] 40 40
1 3 10]1 0 o o0 1 40
Basic Coefficient of: Right
lter. | Variable | Eq. | Z | ®1 X2 X3 x4 x5 | Side
0 Z |13 -2 0 0 0 0
T3 (1 0] 2 1 1 0 0 100
Ty 2 0] 1 1 0 1 0 80
zs | @ o[ o o o 1| 4o
1 Z O 1] 0 2 0 0 3 120
z3 |Wlolo |1 o 2| 20
Ty 2 101] 0 1 o 1 -1 40
T (3|0 1 0 0 o0 1 40
2 Z o |1] 0 0 2 0 -1 ] 160
To (1|0} 0 1 1 0] -2 20
z, |@)o] o o 1 1| 20
1 3 0] 1 0 0 0 1 40




2.3. MnuUANITTauaY LINEAR PROGRAMMING

Basic Coefficient of: Right
lter. | Variable | Eq. | Z | x1 29 x3 x4 x5 | Side | Ratio
0 Z @y1}-3 -2 0 O 0 0
T3 (1 0] 2 1 1 0 0 100 50
Ty 2 0] 1 1 0 1 0 80 80
zs | @ |o[()] o o o 1| 4 | 40
1 Z © 1] 0 2 0 0 3 120
T3 @wlojl oW1 o 2] 2 | 20
Ty 2 0] 0 1 o 1 -1 40 40
T 3)|0] 1 0 0 0 1 40
2 Z © 1] 0 0 2 0 -1 | 160
T Mn{o] o0 1 1 0] -2 20
z, |@folo o -1 1| 20 | 20
T 3|0 1 0 0 o0 1 40 40
3 Z © 1] 0 0 1 1 0 180
To (1|0} 0 1 -1 2 0 60
T5 2 0] 0 o -1 1 1 20
T @lo] 1 0o 1 -1 0] 20
Iteration 3

0. check optimality conditions: row 0 $iAA1UIN = optimal

g‘dﬁ 2.14: CPF corresponding to W#ag iteration U84 simplex method Ugymn

Ty (x 10 $1)
10 1

2 -1 | 1 2 3 4 5 6 g;(x106)

Simplex Tableau g wiuldegynn minimization
513zuAlay minimization 91035 simplex 73 19ae335

1. Wasu opjective function TRTaUTIULAY1 maximization %3

35



36 ‘UVWdi, 2. BASIC OPTIMIZATION PROBLEMS

=

2. U5U75n15 simplex tableau huuLn1lion15iaen entering variable anduusdnduladiusniidadulsy
Andlunaln (0) Wuuin alafuansindmeuidu optimal solution

Simplex Tableau ﬁ'm%'uﬁzylmﬁﬁm origin lai feasible

Y]

w19zwAdeyy minimization 719AwAL basic feasible solution Mlaenlaes simplex ladeil
1. 19 Big M method lng (waz)

2. 51910 infeasible solution waluAILUSUUBDNA1N basic variable

fsaieE Aaalull

v a

A19819 2.3.2. Tunsainflaunistedniniiiluaunis 9a origin 8199zl feasible

'
=

U7l 2.15: feasible region vaslgmfegnifdesidniiduaunis

X A
10 =
Maximize Z = 3x| + 5xo,
subject to X =4
2x, =12
8 3.\‘[ + 2.-\'2 =18
and x =0, x=0
6
4 —
2 —
| -
0 8 X

JUT 2.16: nsadedansileaivelid origin 10u feasible solution

The Real Problem The Artificial Problem
Define x5 = 18 — 3x; — 2x».
Maximize Z = 3x; + 5x,, Maximize Z = 3x; + 5x, — MXs,
subject to subject to
X = 4 X = 4
2%, = 12 2x, =12
3x; +2x, = 18 3x; + 2x, =18
and (so 3x; + 2x, + x5 = 18)
x; =0, X =0 and
x; =0, X, =0, Xs=0




2.4. i‘]zymgz’mu PRIMAL-DUAL PROBLEMS

JUN 2.17: feasible region naans7ilaannsiiiusuUsiies

X2

Define X5 = 18 — 3x1 - 2X2.
Maximize Z = 3x; + 5x, — MXs,
subject to X =4
2X2 =12
3+ 20 =18
and  x; =0, x, =0, X5=0

0. 06)

4,3)
\ zZ =21
Z=12— oM
(0, 0) | | | -
4,0) X
Z=0—-18M

E‘Uﬁ 2.18: N5 tableau mu33N13 simplex ieliflé optimal solution

Coefficient of:
Basic Right
Iteration Variable | Eq. | Z X1 X2 X3 X4 Xs Side
V4 (1| -3M=3 —-2M-35 0 0 0 —18M
o X3 @ |o 1 0 1 0 0 4]
X4 @ |o 0 2 0 1 0 12
Xs 3)|o 3 2 0 0 1 18
z © (1 0 -2M -5 3M+3 0 0 —6M + 12
; X1 ™M |o 1 0 1 0 0 4
X4 @ |o 0 2 0 1 0 12
Xs 3|0 [o 2 —3 0 1 6 |
9
z ) |1 0 0 -5 0o M+ = 27
5 X; M |o 1 0 1 0 0 4
X4 2 | o 0 0 3 1 -1 6
3 1
X2 3)|o 0 1 -5 0 5 3
3
z ) |1 0 0 0 5 M+ 36
1 1
X ™M |o 1 0 0 -3 3 2
3
X 2 | o 0 0 1 1 1 2
3 3 3
X2 3)|o 0 1 0 15 0 6

2.4 Ugyn1dAu Primal-Dual problems

241  YaUWALUKAZVIURNANNYBIUN optimization

YaulauukazvaUnaaveslymiasanlaUTouiieuiuaAnaunangn optimal solution z*
ANYRUIAUY 2 ABA NigeninvsaiiuAmneuiinign
ANYRULIAGS Z ABA MiinIvsewiiuAAnaunaTan

azlen
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2. 1 gap %30 absolute gap = Z — Z

3. #1 percentage gap = == x 100%

Z

[

Tuvagfianfanandilivsng maunfisdfasnasmAveanuuwazseunatliognls uazasmaAvauunuy

WAZTOUWNENTIRNER (Winiiteyaluvayiull) lneesls

9

1. lowerbound Wa15anleyn GiapettoLP ()

maxr Z= 311 + 229 (é’aamsﬁ’whgqﬁqm) (2.12a)
s.t. 201 + x5 < 100 (UANLLEI) (2.12b)
1+ 20 < &0 (ulal) (2.12¢)
r < 40 (demand v8IUNMS) (2.12d)

1,9 > 0

AneuTl feasible vasdaymmnuanIs@adunfoINITmaANgeian () NANTYNIDTUNANAUNTE-
vunsiedu ladmeuidu (0,0), (40,0), (40,20), uay (20,60) AwE1RU FeAn optimal value Wu 0, 120,
160, Way 180 MuaIAU AmTinAuEoe9) 90 0 019 180 Mmua1duLIan Tu iteration 91 0 99 iteration 91 3

S.1 iteration 0 15781 Z = 0 satiufiA1veuwna1Rudu 0 wsie 2 = 0 < 2*
S.2 iteration 1 15731 Z = 120 sasiuiiaweuwnaisdadu 120 wmse z = 120 < z*
S.3 iteration 2 15731 Z = 160 sauilAveuwnasdadu 0 wsie z = 160 < 2*

S.4 iteration 3 1573l Z = 180 satiuiiAweuwna1sdadu 0 ms1e 2 = 180 < z*

z=180 < 2* (2.13)

¥

2. upper bound lullgymilisiauisaUszanameuwauulanad

() Rasandedndn 2x (2.12d) vanfudedida ()

160
40

IN

233'1 -+ 2.1'2

IN

X1

$1avla
3(E1 + 2{E2 S 200

~ X a X Y Y o o =% & Y o w ~ . o
Wesneaunsiiiniuainnissmiuvesaestediinvestaym Jadudesiianiandam imply o
Juwsnagle 3xy 4+ 225 < 200 Fayede max 3z + 22 = 25 < 200 = 2

WS1zatus3alean 2 = 200 Wuvsuwauu
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(b) fimnsandedain @.126) vanfudesiin @.12d)

2I1 + Zo S 100
1+ X9 S 80
519zle
3ZE1 + 2.T2 S 180
30, + 219 < 180 Fevneds
max 3x1 + 21, =2 < 180=2 (2.16)

Wszatiusndalein 2 = 180 Wuvesuwauy

dlefinsan €19 swifuiu @.16) wagliimesihaduaud sap = 0 Ssmnefsdmeurestiymite 180

z* =180 (2.17)

Fodunadresuasuldinmannsamveuwnaldanaimeeuiidululy (feasible solution) uazmasuwnuy
NNAYAtIAYeIENN1ITIn

sannsavnivedauiuaunstoddaitenueusuldiad fasantaym @18 fwielui

mar z = Cc1x1 + CoTo (2.18a)
s.t. a11r1 + apxrs < by (2.18b)
a1 T1 + a90Ts < by (2.18¢)
az1r1 + azry < by (2.18d)

r1,T2 > 0

¥

Faugushogns (.12 fiundeulnsidionuazain axldnugud p.ad fd

' Y

wdnn1sie widesnaindededniin (2.180) (2.180) (2.18d) Tut3inm 1 yo y3 muddu 51580 USinmiin 6
Aal 38 muliplier lng

1. Wedudseangnaannnindeiuwdived 21 wae 2o IA1litesndn ¢ way oo uaslilndifieanan

Lﬁuﬁmaﬂﬁ a11y1 + a21ys + az1ys > ¢ bz
a12Y1 + a22y2 + asays > co U

2y1 +y2 +ys > 3 Uay

Y1+ Y2 > 2
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mar z = 3x1 + 229 (2.19a)
s.t. 201 +x9 < 100 (2.19b)
r1+xy < 80 (2.19¢)
1 < 40 (2.19d)

r1,T9 > 0

g‘dﬁ 2.19: Linear Programming Primal a1n{gym ()

2. Amasiunasnnaeiukamianileliaiosian Alifea upper bound

Tufe 51809151 brys + bays + byys Fadudn upper bound ﬁﬁhﬁaaﬁqm
= min 100y; + 80y2 + 40y3

(Y]

Uk sl

min W= b1y1 + bays + b3ys (2.20a)
s.t. aiiyr + az1y2 + anys = ¢ (2.20b)
a12Y1 + G222 + a32Y3 > C2 (2.20c)

Y1, Y2,ys = 0

min W = 100y, + 80ys + 40y3 (2.21a)
s.t. 21+ Y2 +y3 =3 (2.21b)
Y1+ yo > 2 (2.21¢)

Y1,Y2,y3 = 0

E‘U‘ﬁ 2.20: Linear Programming Dual 210y ()

nnlassanvastigmisazdanslid T laqil feasible futiym primal @.18) udlfeaunsingusvasd 2
ieuituitud g 1aq#l feasible futlym dual Q.2d) udrliraunsTnquszasd o wagléh 2z < o dmgud

(Q.a.1) wtoluid

2.4.2  ngufleymanau duality theory

g 2.4.1. nouflymanlukuudau weak duality theory
&1 7 Duedhulsdadulaves (.18 Aldmaunsingusvasdiiu 2 wesadudsinaula g ves @.2d) Wlven
aunsinguszasidu w azldh



2.4. Ugw1gmIu PRIMAL-DUAL PROBLEMS a1

(2.22)

N
N
g

Tufle ez < by
lgou. LTR ]

f9819 2.4.1. lunsiden feasible solution ey primal wag dual a9l optimal solution 1% z 1Ju
feasible solution a ey primal 7 1Ju feasible solution 91Ty dual agldaudsius () LALD MY

i

el 7 = (40, 20) Fadulumudesaiamenesdym @19 aeilaunmsinguszasd 2 = 160 Waifley
Ay = (1,1,0) Fadulumudesrimiamevestiym @21 (.) wardiiraunisingUsvasd @ Wy 180 agldmy

i (£.27) dudle
160 =z < w = 180

neq 2.4.2. nouflaymiaaluwuuily strong duality theory

01 feasible solution Z U949 () fienaunsinguszasdilu Z uaz feasible solution § veq () HA1aunIg
Tguszasidu w 151921891 Z is optimal to () wag 7 is optimal to () (ufo 7 = 2* uar § = y*)
dlouazsiaiile

zZ=w

(* waz y* \Ju optimal solution iauazsewls Araun1singusyasailadanviniufe 2* = w* wis cz* = by*)
gl LTR [

Fre819 2.4.2. pudegnetigvdn £.19) Fulsiaduladifdian 2* = (20,60) IidaunisTaguarasdiiy
— 180 uazdymigau @.21) fdduusdndulediad zjmﬂu y* = (1,1,0) Wnedraunsinguszasdidu
* = 180 w1aglidn 2* = 180 = w*

mqwﬁ 2.4.3, mqwﬁf]mm@mﬁu complementarity theory
Lilumml,msmauhmmam fifl 2 \Wuraunsnquavasdiafigrues £.18) uay y* WWueiulsinauladia
fign 75 w* Lﬂumaumiamqﬂiumﬂm‘mqm‘uaﬂ (.)

dleuazsalile
1 a* L (c— Ay
thidte W i 1519gle (2%); - (¢ — A'y*); = 0 uae

2. y* L (b— Ax™)

Tufe nn j wagld (y*); - (b— Az*); =0

Agay. LTR []
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Aus0e19UgyInan () wazdayymiemau (2.21) L5ndl

2 1
A= |1 1},
10
100
b= 180 {,
40

e o o g dad 20
AduUsindulananandu o = [60

oy Y- =

o~ K~

fiAn slack vesaun1steiin (c — A'y*) Wu

1
2/ |1 10 |0
0
wazdlAn slack YosauN15TRTIAR (
100 2 1 0
20
80| — (1 1 [ ]: 0
10

40 20

— Ax*) Ju

1 0
v 20
weladn o = =(c— Ay uwazy = |1| L |0 | =(b— Az*)
0

20
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wuuingin 2.4.1. 299 dual vesymaellil

max z = 5x; — X,
s.t. 2x; + x5
Xy T X
x; + 2x,

X1, X2

I\

IA
S b BN

\Y

wuuBinia 2.4.2. 99 dual veslgymmslull

max z = x; + x,

st.  2x; tx, =3
3x; + x, = 3.5

x tx, =1

X, X, =0

wuuiniia 2.4.3. 29 dual veslgmmslull

max z = 2x; + x
S.1. 3Xl+x2‘c_:()
X1 +tx=4

x; = 0, x, urs
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wUURnR 2.4.4. suanslaenisiisaegrsindameeluil Wuluaiu weak duality theorem, strong duality

theorem, ILlag complementary slackness condition

minz = —x; — 2x,
s.t. 2x; +x, =5
X +tx =3
X1, X, =0

wuuRnvin 2.4.5. 9331809n157gaN weak duality theorem Inglddaymaasialuiilutlymn primal

minz = —x; — 2x,
s.t. 2x, +x, =5
X, tx=3
X1, X, =0



UNN 3

Some Discrete and Interative optimization

problems

3.1 Auuan1selaunding Dynamic programming

ndnnsiugruesiuansddlauniin fanudnmsmdmeuesymisegseludsolud
#2819 3.1.1. wnARaUINdslUil

I+1+1+1+1+1+1+1+1

iU amAmauIndwiolud

1+1+1+1+1+14+1+1+1+1

45
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3.1.1 Dijkstra's Shortest Path Algorithm

7989 3.1.2. Uy Powerco

Asandgmmsasiniivesuign Powerco anumasallalnin (node 1) Tl 1 (node 6) lnvazdodriu
annildey (node 2-5) faguit B.1 fiuans node 1 fs 6 uazszogmMeszwinanildon Terrdsdayanilnihazuys
fumsefsvezme fadudisdonismisnisdedyana mnunassudaliih lududes 1 T Adunuisiign
domduTsTiduiian

JUN 3.1: wnudasseemeseninelssnu annfldes wasidles dmsulam Powerco

Plant 1

'
A o

389in Baswiduniaiduiignlaeddfaaduluisnisneimuans@dewnding dufonsmeinauiiniigaves
dudesuarseUsznaudinieiy WumnevvestaymluduilungiuEess lunil svevmeanlselniag 1 1J

widaediandu 0 uaz Wumeiduiganisslning 1 ludademfaduiulsdduig 1 faarldesasani laun
2 uay 3

1. iteration 0

@ wildrndumaduiudu [0 oo oo 0o oo o]
Tnensnundussuznietingm

(b) Mnthudendfitiosfignaindisuaiifudndansm awlén o desiign Faudeurduduomns
la
0 o0 oo oo oo oo] lngAunsuanaiscaaniiiuABuINGIns1INN015 LA ¢
WAAIDaAINT

() 9 nifu update Aszezstiasveadlasiidalunnynidlesiifienans denugy B4 mdlidesiide
Wandiesanadu node 2 way 3 avld
AnszayN19IATN update 484 node 2 = min {0* + 4, 00} = 4
ANzeEnadaAT 1 update 184 node 3 = min {0* 4 3, 00} = 3

(d) wilgandumadu [0 4 3 oo oo o0
qU iteration 7 0
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JUN 3.2: Tumauil 0 Iteration 0 dwsutlaym Powerco

D—C
\@
@—@/

@ wldAmdumadu [0° 4 3 oo oo oo Wamnd * Wumansidungaanlsalniag

2. iteration 1

I Y S
1 588NN UUTEUETNIEUNYIATY

(b) nuwdeniitiesiignaneisiuniiluidins wlddn 3 deeiign Suvdeuriuduainons
awla
0 4 3 oo oo o0] lngduasuansismargailisuaindinsniuiansg uagenil ¥

LAASDNANNTIS

() 9ntu update AszazmMedansmveniiosiidalunnnnidesiiidinns node 1 uwag node 3 Fann
5u .4 wildlesignluanilesnnandu node 2 way 5 a#ld
ANszEENeiIAT1Y update VB9 node 2 = Wiy
ANszeEvnadanT 1 update ¥4 node 5 = min {3* 4 3,00} = 6

(d) wilgandumadu [0 4 3 oo 6 oo
qU iteration 7 1

JUN 3.3: Tumau 1 Iteration 1 dwmsutlaym Powerco

@*\%@
AN
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3. iteration 2
@ wildandumadu [0 4 3" oo 6 oo] lneand * Wumansiduiignanlsaliig
1 szezvneimdadussagnsdudidansn
(b) MnuudenaAteefignainaauaiilurtings azlddn 4 desiian Jaddeutundunnns
azla
0 4 3* oo 6 oo] WngAuasuansiieAananiuaeuanNgIngINigIs uagAni ¥

LEASDIADIS

() 21ntiu update Asyzyadiasivesdiesiidaluannynidesiifidians node 1 node 2 wag node
3 Gy B infidesiisaluanidlesnnsiu node 4 uay 5 awld
ANzeEnadanT 1 update 189 node 4 = min {4* 4+ 3,00} =7
AszeyN1eIATN update 484 node 5 = min {3* + 3,4% + 2} = 6

(d) wildanduniadu [0* 4% 3* 7 6 oo
U iteration 71 2

JUN 3.4: Tuma 2 Iteration 2 dwsutlaym Powerco

4* 7

O*
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4. iteration 3

VY
o

(@) wildandumadu [0* 4* 3* 7 6 oo] lneadill * \umansfidunianainisslnini 1
szgEN Aol usL N UNTIATY

(b) Mniudondiitesfianandiamniidudidansm agld 6 tosiian Fuudsuddududons
azla
0 4% 3* 7 6" oo lnedAunsuansiamaianiiivasuandansianans wagid ¢
LARIDIAINTIT

() :nifu update AszBzmIdinTveniosiitnluanyniiesdiiidians node 1 node 2 node 3
uaz node 5 danugy B4 inilflesiigalunnidosamadu node 4 waw 6 wlé
ANsvaeNad3AS1I update U84 node 4 = WiLAY
AnszeyN19InTN update 484 node 6 = min {6* + 2,00} = 8

(d) wildandunmadu [0* 4% 3* 7 6" §]
qU iteration 71 3

U 3.5: Yumau 3 Iteration 3 dwsuleym Powerco

4* 7
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5. iteration 4

A
o

(@) wildandumadu [0* 4 3* 7 6° 8] lagand * \Wumansfiduiignainlsdlig 1
srezmenmasdusseemnsdudidansn

(b) Mnuudenateefignainauaiilurtings azlddn 7 desian Jaldeuatundunnns
azla
0 4 3 7 6° 8] lnsAussuanafiernargnNiudeuandingiinans wayani ¥

LEAIDIAIDIS

(0) 911U update A19EEENNTIATNIVONTDINAA LUIMNNNLLTBINTAI195 node 1 node 2 node 3
node 4 uaz node 5 wugu .4 iiidlesiigalunnifosamadu node 6 aglé
ANSEEENNTIATI update Y89 node 6 = min {7* + 2,8} = 8 winAw

(d) wilgandunadu [0* 4% 3% 7 6*  §]
JU iteration 7 4

E‘Uﬁ 3.6: TunoU 4 Iteration 4 dmsulleym Powerco

4* 7*
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6. iteration 5

@ wildedumadu [0* 4¢3 7 6* 8] lneand * udansiiduiignainlsslning
1 5zeeneudodusseenduntingg

(b) ndueneiidesfignanaimuaiiduddiam agldin 8 tesfian Fnvdsuariududions
azla
0 4% 3* 7 6 8] leeFunsnansdsriagaiiuaeuaindinsannns uazaiiil ¢
LARIDIAINTIT
AszeryaiavLaLduA11Is FURTEUILNIT Ay @

UM 3.7: Yumau 5 Iteration 5 dwsuleym Powerco

4* T

35U 3.8: Yumau back tracking 1 w51z 6* + 2 = 8* dwiulaynn Powerco

4* T




52 ‘UW?/d/ 3. SOME DISCRETE AND INTERATIVE OPTIMIZATION PROBLEMS

UM 3.9: dumeu back tracking 2 w51 3* + 3 = 6* dwiullaym Powerco

4* T

8*

U7 3.10: Fuseu back tracking 3 Wz 0 + 3 = 3* dwiuilam Powerco

4* T

A
o

WUURNYR 3.1.1. AuguRt B.11 2sdunieuasseeenenduignain node O U node T #3e73 Dijkstra

gﬂﬁ 3.11: freeg1elym shortest path




3.1. Amuansidelawiidng DYNAMIC PROGRAMMING

A
o

WUURNYR 3.1.2. MugUTt B.12 e iduneuassseeneiduignain node 11U node 6 MelT Dijkstra

gﬂﬁ 3.12: eeg1elym shortest path

53
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3.1.2 Dynamic Programming on 0-1 Knapsack Problem

TBC

3.2 MUUANTISITUEUNENTIUILLAN Mixed Integer linear programming

Tymivuanisdadunaudnui dsduuutudeatulymimuanisdadu uiindedrianisdudnnuby
yosfutsdnaulavisi ansadelfedlusuuulneitalulésgd B delud

maxr z=cx (3.1a)
st. Ax <b (3.1b)
T > 0, and z; integer for some i (3.10)

U7 3.13: uwuudaearimuansidadunaudiuiuiy

feEne 3.2.1. SUUsTINMATU Capital Budgeting IP Stockco finnsannisasmulue 4 Tasanns lassnsd 1 agls
nanauwnuiaadu net present value (NPV) 1# $16,000 Tas9n157 2 Tiwameuunu NPV Aadu $22,000 159015
71 3 Winanouwvu NPV Aawdu $12,000 uag Tassnstt 4 Tinameuunu NPV Anidu $8,000 luusiazlassnisazdos
ﬁmiamuﬁmé’uﬁmﬂu $5,000, $7,000, $4,000 waz $3,000 AudwuveslassnIsi 1 -4 Imaﬁmmsﬁmamuﬁw
Usranmuaamuitiau $14,000 a¥uuuudiaemndnmaniifievdneuiianiaaliitu Stockeo ielimmaasui
1§ NPV 9nmsasyuiigeiian wduftmunmadaduswuduilédselusunsueseulat 38w 1% z; € {0,1}
Wumadenamululasenisi i dle z; = 1

wagldaunsinguszasdidu 160002, + 2200022 + 1200023 + 8000z, wazaun1sfesidndu 5000z, +
700025 + 400025 + 3000z, < 14000 Feusznoufndurmunnis@adusiuiudalasdl

maxr W = 16000z + 22000z + 1200025 + 800024 (3.2a)
s.t. 2000z, + 7000x2 4+ 400023 + 300024 < 14000 (3.2b)

X1,T2,T3,T4 € {O’ 1}
=~ o v &
WinAuazan wianusaannaudem oy

mar w = 1621 + 2229 + 1223 + 81y (3.3a)
s.t. Sxy + Txg + 4xs3 + 324 < 14 (3.3b)
X1,X2, T3, T4 S {07 1}

(%

15719 solver Tun1sundgymlagly soogle sheet ladail
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E‘U‘ﬁl 3.14: firogensuAtyn (@) 1m® google sheet solver 01

StockCo

el \iew Insert Format Data Tools Add-ons Help All changes saved in Drive

= 23 @
. A
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~ o~ @& T 100% v $ % .0 .00 123w Arial ~ 10 vgzg.i & H Evlv|by e
A B c D E F G H I J

1 1 2 3 4
2 x| |
3 o
a c [ 16000 22000 12000 8000 |
5
6 A [ s000 7000 4000 3000 |
7
o
9
10 max x= [0 ] !
12
13
14
15

+ = Sheet1 ~ >

=~ o ' 1Y
JU# 3.15: fegransundaym (@) 1ne google sheet solver 02
StockCo

File Edit View Insert Format Data Tools Add-ons Help All changes saved in Drive

-~/ P $ % .0_ .00 123v  Adal -1 - B IS A & H =R TR
Ll
=SUMPRODUCT( ,B2:E2)
A B C D E F G H

1 1 2 3 4
2 x| | [ |
<]
N LR S 16000 | 22000 | 12000 | 8000
5
6 A [ 5000 7000 4000 3000
7
8 b 14000
9
10 max ox= [E=suMPrODUCT( ,B2:E2)]|

ax= o =

+
i

Sheetl ~

= X2 @
. A

A29819 3.2.2. USuungnsves Stockco andayimn wielvisiufiadedniadasialudls
1. Stockco ansnamulaegINgoIlATINTg
2. 1 Stockco aaululasanisn 2 udrvzdesaaululasanisn 1 me

3. £ Stockco awululasinsn 2 udegliawsaamululasinisi 4 1o

A188149 3.2.3. USWYW Gandhi Cloth @ unsanasidarnlaaiusis AL L@0Wn NIWNIIEY wWag N19LNIUIe Tu

a & v ! a Y a A ) ' = v | 1Y) i & < Y] a &
ﬂ'ﬁﬁ\lamLa@NWIULLWag%UQng@QNLﬂi@ﬂﬂﬂimquLmagﬂigLﬂ% m%mmmﬂuammaiﬂu LATDIANTHANLED $200

fodUAN LATRIINSNANNINNIVNIEY $150 AadUATY LATRIINTNANNINNINIEI $100 AadUm L@RRNNALNAR

wiazduzdodliingiuuasussnumuemsad B luusarduasifiussnuitedu 150 Falus £ 180 wian Funu

wUsiusontauazsauelulununisn Q Jeuimuan1sidadunausiviufuiiommnouvesdamili

mlssedunmives Gandhi aevign ANTuLATawnie Google Sheet Solver®
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JUN 3.16: fegramsuntaym (.2 1y google sheet solver 03
.- K
File Edit View Insert Format Data Tools Add-ons Help Allchanges saved in Drive
-~ E T $ % 0 .00 123+ Atial - 10 - BISA &H Evivp-v- ~
=SUMPRODUCT (B6:£6,B2:E2)
A B Cc D = F G H J
1 1 2 3 4
2 X [ | |
3 (/]
4 c [ 16000 22000 12000 8000 |
5
° Ao [ s0 o0 4000 3000
7
-
9
10 max cX= 0
n st ax= [B=sumProbuCT(36-15,82:62)] [ 14000 =
12
13
14
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+ = sheetl - >
a{' o 1 Y
Un 3.17: frwgensuAtyn (B.2) Tae google sheet solver 04
J. - X
File Edit View Insert Format Data Tools Add-ons Help Allchanges saved in Drive
SR - $ % .0_ .00 123v  Adal ~ 10 'BI%A . H R I L A -
A B Cc D E F G H J
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4 c [ 16000 22000 12000 8000 |
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9
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iﬂl N 1 19
5UN 3.18: shogransundeym (@) 1ng google sheet solver 05
- 3 0
File Edit View Insert Format Data Tools Add-ons Help All changes saved in Drive
o~/ P O00% v $ % .0 .00 123+ Document add-ons . H Evivlpr e A
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5 Solver > Start )
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5 Get add-ons... Help
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= Sheetl ~
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Ul 3.20: Fregrensuidaym (@) 1y google sheet solver 07

o (X3 0
File Edit View Insert Format Data Tools Add-ons Help Allchanges saved in Drive
= v A4 i v v S
m BT e ssomme we % - BIsA - EEEE] -
Set Objective: -
A B [ D E F G Cc10
1 1 2 3 4
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8 b 14000
9
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5UN 3.21: shegransundym (@) 1n8 google sheet solver 08
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= % v K K - i - - S i
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’ Add OK Cancel
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gﬂﬁ 3.22: f9g19NILATYW (@) Img google
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= 3 0
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$U7 3.24: dheganisuitiaym (B.4) nw google sheet solver 11
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unil 4
The Transportation and Assisnment Problems

= v v A & o a v & s o i
un E1muug°dqusuaaf]ggmmLUumwummimLau unilageeanunisussenadamnluguuuudangs Jaym
wsnAe Uguinn1svudsuazaseu Transportation and transshipment problems @3ALln1NA1T91I5N15VUES
duAniangn Jaymiiaasdelymnisuoununenu Assignment problems Fadutlgymlunisidenaulindrivanu

4.1  Ugninsvudewazdeniu Transportation and transshipment problems

Yaymnisvudsfetymlasestnend demand waz supply Tuusiaz node waziinisvudieain supply node Tuds

demand node lngilfununiseudwoniieiunndeiurassag link Yayynisdeiumelaminisuudsiil node
] Ao & ¢ U o ' o &

581319819l demand wag supply LuAug Asiegadasaluil

faoe9 4.1.1. Jgymdedaduluy Uvsew P&T wannszles Taundn 7ilsesunsedeosau uisudaadslu &
warehouse aARIIEAUUA1TULES demand wag supply AugUR

sUft 1 uansnsagudeyadildanilamd b.1] lusuuuunias
U (] U 177 9

JUN 4.1: agudayavestgmi

Shipping Cost ($) per Truckload
Warehouse
1 2 3 4 Output
1 464 513 654 867 75
Cannery 2 352 416 690 791 125
3 995 682 388 685 100
Allocation 80 65 70 85

63



64 UWﬁ 4. THE TRANSPORTATION AND ASSIGNMENT PROBLEMS

5U7 1.4 wansiunuedotgluilymi

JUN 4.2: funuasetngveslym 7




4.1. Ugmnisyuassazais1is TRANSPORTATION AND TRANSSHIPMENT PROBLEMS 65

= ° a s =
JUN .3 wansuuudnaemnepdiaeansvesdynd

JUT 4.3 wuudaeaneadinaanivesdymii

Minimize Z = 464)(“ + 513)(12 + 654)(13 + 867X14 + 352X21 + 416X22
+ 69O.X23 + 791)(24 + 995X31 + 682X32 + 388)(33 + 685)(34,

subject to the constraints

X1t Xt X3+ Xg = 75
Xa1 T Xon + Xo3 + Xo4 125

X3 T X3 + X33 + x34 = 100

X1 + X5 + X3, 80
Xi2 + X + X3, 65

X3 + X3 + X33 = 70

X14 + Xoy + X34 = 85

and

Xijzo (121,2,3,]:1,2’3’4)
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4

sU7 b4 wanseindduusyansvestigmi flFnanuuusaesnandamaniougu B9 nsfiuedng

JUN 4.4 wesnddudseansvestymi

Coefficient of:

X11 X12 X133 X144 X1 X2 X3 X4 X371 X32 X33 X34

r 1 1 1 1 7
Cannery
L ! ! l } constraints
1 1 1 1
A= 1 1 1

1 1 1 Warehouse
1 1 1 constraints

L 1 1 1 J

duusednsiianwaziguilSendndauauds Unimodular Aenn submatrix a9 azien determinant 1 0 %30 -1
Mg nesetisanunsannmelalagis Simplex (see Revised Simplex method Tu @)



4.1. Ugmnisyuassazads1yy TRANSPORTATION AND TRANSSHIPMENT PROBLEMS

sUft .9 uanansnsentos Microsoft Excel® ilassudmiunsld Solver

o WY NV hwN =

[ N
U w N

JUN 4.5: nM3nsendes Microsoft Excel® tasauvaataymi

B C D E G H
shipping cost
464 513 654 867
352 416 690 971
995 682 388 685
decision variable supply constraints
0 = 75
0 = 125
0 = 100
0 0 0 0
80 65 70 85

demand constraints
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SU @ UARINNSHAERS dUTUYRY Microsoft Excel®

JUN 4.6: 13Ngns dmiuted Microsoft Excel® vaslgyvni

sum - X o fr| =sumieses)
A B C D E F G H
1
2 shipping cost
3 464 513 654 867
4 352 416 690 971
5 995 682 388 685
6
7 decision variable supply constraints
8 =SUM(BS:E8) =|75
9 =SUM(B9:E9) =[125
10 =SUM(B10:E10) =100
12 =SUM(B8:B10) [=SUM(C8:C10) [=5SUM(D8:D10) |=SUM(E8:E10)
14 80 65 70 85
15 demand constraints

a
N
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sUit .7 wamansiiurosing fill in dwsutlgmildausui b3

W 00 ~N o0\ b W N =

L=
o

- =
w N

O S U G Y
W 00 ~N o v

JUN 4.7: nsiingesdne fill in dmTulgmiy

B C D E

shipping cost
464 513 654 867
352 416 690 971
995 682 388 685

decision variable

supply constraints

Solver Parameters.

Set Objective: sis13|

To: O Max @ Min

By Changing Variable Cells:
$BSBSEST0

Subject to the Constraints:

Q) value OF:

0 = 75
0 = 125
0 = 100

0 0 0 0

80 65 70 85

demand constraints

SBS12:9ES12 = $BS14:SES14.
SGS8SGS10 = SISBSIS10

Make Unconstrained Variables Non-Hegative

Select a Solving Method: Simplex LP

Solving Method

Add

Change

Delete

Reset All

Load/Save

Optians

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP
Simplex engine far linear Solver Prablems, and select the Evolutionary engine for Salver

problems that are non-smooth.

Help

Solve
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7 Py fil#u1an Microsoft Excel Solver®

NANgAv0s

JUN 4.8: Amauiafgaveslomi
Y q o

B C D E

shipping cost
464 513 654 867
352 416 690 971
995 682 388 685

G H

decision variable supply constraints
0 20 0 55 75 = 75
80 45 0 0 125 |= 125
0 0 70 30 100 |= 100
80 65 70 85
= = = = Tot Cost =_
80 65 70 85

demand constraints
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suit b.d uanssmeuiiaiigavostiymil lein191n Microsoft Excel Solver®

JUN 4.9: Ameundfigaveslamii 2

Al B C D E F G H J
1 |P&T Co. Distribution Problem
2
3 Unit Cost Destination (Warehouse)
4 Sacramento [ Salt Lake City] Rapid City | Albuquerque
5 Source Bellingham $464 $513 $654 $867
6 (Cannery) Eugene $352 $416 $690 $791
7 Albert Lea $995 $682 $388 $685
8 | I |
9 | I |
10 Shipment Quantity Destination (Warehouse)
11 (Truckloads) Sacramento [ Salt Lake City] Rapid City | Albuquerque | Total Shipped Supply
12 Source Bellingham 0 20 0 55] 75 = 75
13 (Cannery) Eugene 80 45 0 0 125 = 125
14 Albert Lea 0 0 70 30 100 = 100
15 Total Received 80 65 70 85
16 = = = = Total Cost
17 Demand 80 65 70 85 $ 152,535
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#1511 BFS 917135015 Northwest cornor sasagnanana bl

gﬂﬁ 4.10: Initial BF solution from the Northwest Corner Rule

Destination

1 2 3 4 5 Supply u;

1 1ﬂqbp_;gqp BN R

50

. TR p
Source 3 ﬂ ﬂ M@ ﬁ\/ao\ M@ 50
o T %

50

Demand 30 20 70 30 60 Z=2,470+ 10M

wuudniia 4.1.1. nmsianslamnisuialeau {]zgma'wﬁuﬁw
gafuthaoswdddiitefniuihuazaddiuiios adles udazerafuihamnsadaild 50 Sunnasousietu
wiazflosiiaudesnisth 40 duunaaousietu Tneluuday 1 Suunaaeuilssutosnianudosmsaziian
penalty $20 Tudlosiinia $22 Tudlesiiaes $23 ludlosiiany Aaudsisie 1 Suunaseuanudazeraiuily
Husazdlostidnumanai b1 sasdeusunueiernsvestiymuazaiauuusiaenaiotienisvudsil balanced
‘17iLLam{]iymﬁLﬁammNaiamaaﬁ'wud&ﬁum penalty ﬁﬁa&ﬁqm

M9199 4.1: Arvudine 1 auknaasu veslgmensiuin

U
2N dloadl 1 wflesdi 2 (lesdl 3
graftutii 1 $7 $8 $10
grafuLng 2 $9 $7 $8

MnuuhiuuIaeswatsmansalaluundgmiae Microsoft Excel Solver®
wuulniia 4.1.2. wuuiniadeymnisuudsiazasniu
wuuBniia 4.1.3. wuuRniademinisvudsiazaaniu

Uymnisdaupelymifl node 71 demand uaz supply inaufudugue (diverence = 0) lngazdidiagidly
i B
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sut a.11: gt 11

9.1-4. The Versatech Corporation has decided to produce three new
products. Five branch plants now have excess product capacity. The
unit manufacturing cost of the first product would be $31, $29,
$32, $28, and $29 in Plants 1, 2, 3, 4, and 5, respectively. The unit
manufacturing cost of the second product would be $45, $41, $46,
$42, and $43 in Plants 1, 2, 3, 4, and 5, respectively. The unit man-
ufacturing cost of the third product would be $38, $35, and $40 in
Plants 1, 2, and 3, respectively, whereas Plants 4 and 5 do not have
the capability for producing this product. Sales forecasts indicate
that 600, 1,000, and 800 units of products 1, 2, and 3, respec-
tively, should be produced per day. Plants 1, 2, 3, 4, and 5 have
the capacity to produce 400, 600, 400, 600, and 1,000 units daily,

U7 4.12: Jgywn 2

respectively, regardless of the product or combination of products
involved. Assume that any plant having the capability and capac-
ity to produce them can produce any combination of the products
in any quantity.
Management wishes to know how to allocate the new prod-
ucts to the plants to minimize total manufacturing cost.
(a) Formulate this problem as a transportation problem by con-
structing the appropriate parameter table.
C (b) Obtain an optimal solution.

U7 4.13: Ygywnd

C 9.1-5. Reconsider the P & T Co. problem presented in Sec. 9.1.
You now learn that one or more of the shipping costs per truck-
load given in Table 9.2 may change slightly before shipments
begin.

Use Solver to generate the Sensitivity Report for this prob-
lem. Use this report to determine the allowable range for each of
the unit costs. What do these allowable ranges tell P & T
management?
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Network Optimization Models

5.1 WUUAB4LAIDU8 Network models

w3091 (network) fvane JUkuukas lUMaINMAIEa0IUNNTal AANNITNTEUIUNITHED NSUUAILAENIINTE
wAuA Manauslasiny madenanuiidalssnu nsdanisvisiteuniu wagmsmasun e suusy
AIUNULATEYIE network representation Aon1sunuanun1salsienses Frelunisiinlaguuuureslymuay
1111393FNTIARaU maﬁmznme‘haaqLm%ﬁdwluﬁﬁwﬁﬂmmqé’wu'ﬁ%ﬂmﬁi’j@mLLazmﬁUwqmﬁ Ugyn
fvunmsilemdmeuiifigavesuuuiraeasdetiedluaudlalon dmuansidady

amiedetredutymiifiduuseneundngfe node way link 521313 node Taedl usaz node 2wl demand
%39 supply taz link 5¥1379 node HANLAUNIITZNIN node WAz capacity V9 link th ausadeunuusiass
Tnsstreduuuuassdudunansiuiuiy flasaivestymlasteasilisandesidnvessiuamsiuag
Iilenguiswielud

o o o

nqud 5.1.1. Jgmiddnvaedioluildutlagmiidaueaudd total unimodularity
1.
2.

ununsn 5.1.1. Ygymilassreiingaud total unimodularity

ununsn 5.1.2. Jymlaseredidneunfngaiduduudy

Yeymlasened balanced Aoleymlasenefisadng dummy nodes WinTuN1Ay demand 138 supply Al
NATINVDINIADIYINAY

Uy Powerco Judgmlassdne @il node wazdl link 5211319 node learuazain wthundeull

[

=
JU

729819 5.1.1. Uy Powerco

Ansandgmnsdsluiivesuism Powerco anumasiuialnil (node 1) lududlos 1 (node 6) Insazdoariu
annildes (node 2-5) faguil b.1 fiuans node 1 73 6 uazszormMeszwieanildon Jerrdsdayaailnihazuys
funssfbszazma dadudisdomsmismsddyyin Mnuseudaliih Tudades 1 Wladunudishitan
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isesduMsduTige

JUN 5.1: unudaszezmeseninelssnu annflges waziiles dmsulym Powerco

3

Plant 1

3
@ @

a o ] Yal o v a a1 ) v . . &
wansalisunuudnaedlasainglaglvilidudsindula z; ; IAdu 1 mnduniaein node i lU node j QNLABN
wag 0 dligniden Nwsiaz node TR divergence Wuiaiiow demand wag supply ¥83usiaz node Tufiil node
1 4 divergence = 1 Waz node 6 & divergence = -1 @ node #iwdoil divergence = 0 WazA1 node incident

matrix W a;; W 1 dedl link 910 11U j uaz 0 Gkl wagliszezniasening node Wu d;; 51a2ld wuudhaes
Tasavne dmsudlym B.1 fadl

min z = Z d;ijxi (5.1a)
i\j
s.t. Z a;;Tij — Z ag;Tr; = div(1) (5.1b)
j k
0<z; < 1 (5.1¢c)
min 2= 4x1o + 3113 + 3Tog + 2295 + 335 + 2746 + 2756 (5.2a)
st. xTppt+ri3=1 (node 1) (5.2b)
Tog + Tos — 12 =0  (node 2) (5.20)
T35 — 213 = 0 (node 3) (5.2d)
Tag — Tog = 0 (node 4) (5.2¢e)
Tsg — Tos — X35 = 0 (node 5) (5.2f)
— T4 — Ts56 = —1  (node 6) (5.29)
0<z; < 1 (5.2h)

JanieSetiendngaunsawianudnunewas IngUssadlanuiiogneialuil
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#9819 5.1.2. Ugyntn SEERVADA PARK

aue s SEERVADA Walsidinviesidion ldwufivieniwas wiudnluswouiisidn TnodsansdouazsoiUasels
Uinslumuauuiinauuaslduiiodunsanuaninsssued LquﬁmaﬂauuLﬂu"LUﬁﬂgﬂﬁ @ (Unglalanansain
TAsUD9aUL)

U7 5.2: Ty

4

(Y]

MaAUNEAUTA O ludgawanngn T udinduundsan O Jgymmanifudaduaudaymiaad

a

1. NMSMEUNINISIAUNIE EUuNge O ludnuudangn T Nillszeenesiutesiign JaymdSend

o

shortest path problem

2. WemsAnsedeasnias Idesiuaelnsdnildduaudunisauuieinn yn@enaunsadeansiu
16 Yaymnsidenidunng nsiuaneweuynanildidunianutiesfianisundy minimum spanning tree

problem

3. Jgmiawdemsmdnvieaiiedludigadaremelvianniian esnduieuusiagiduinindiinlunis
5095UUSIuMsaIu Jgmiliienit maximum flow problem

o/ ¢

51.1 @AW

path

directed path
undirected path
directed network
undirected network
cycle

tree

spanning tree

arc capacity

supply node

demand node
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transhipment node

512  Ugmuszgnalugnamnssy

1. shortest path problem

(@

(e)
2. minimum spanning tree problem

(a) Design of telecommunication networks (fiber-optic networks, computer networks, leased-line

telephone networks, cable television networks, etc.)

(b) Design of a lightly used transportation network to minimize the total cost of providing the

links (rail lines, roads, etc.)
(c) Design of a network of high-voltage electrical power transmission lines

(d) Design of a network of wiring on electrical equipment (e.g., a digital computer system) to

minimize the total length of the wire
(e) Design of a network of pipelines to connect a number of locations
3. maximum flow problem
(a)
(b)
(@)
(d)
(e)

the sink. Some Applications Here are some typical kinds of applications of the maximum flow
problem: 1. Maximize the flow through a company’s distribution network from its factories to its
customers. 2. Maximize the flow through a company’s supply network from its vendors to its
factories. 3. Maximize the flow of oil through a system of pipelines. Maximize the flow of water

through a system of aqueducts. 5. Maximize the flow of vehicles through a transportation network.
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5.1.3 25115 algotirhms
1. 33n5dm3u shortest path problem 1433muundl
2. /A19E MU minimum spanning tree
(@) Select any node arbitrarily, and then connect it (i.e., add a link) to the nearest distinct node.

(b) Identify the unconnected node that is closest to a connected node, and then connect these
two nodes (i.e., add a link between them). Repeat this step until all nodes have been

connected.
3. 351158 1m3U maximum flow problem

After some flows have been assigned to the arcs, the residual network shows the remaining arc

capacities (called residual capacities) for assigning additional flows.

‘Vli]‘iﬂﬁ 5.1.2. Max Flow - Min Cut theorem ﬁmauﬁaﬁqmmﬂ@m maximum flow problem JAvU

A1 minimal cut
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U5 UNUNEITULASLUUINABINEAAIARS

Assisnment problems and Inventory model

6.1 UgyyninsuaununeeIu Assignment problems

Yaymnmsueumnenuilanvaradeiutulymlasene Wesiadgmnisueununegsud flow Wu 1 wazuua
node tWuaeails Ao supply nodes iU demand nodes 3 diverence Wu 1 /i -1 auddu

29819 6.1.1. Ugyrn1suaununeany

Machineco finsesdns 4 wndesitazfiodldvihe 4 snilidda Tnsazdodinilaniowhonumieny naierlise
303 setup time ulumumsnsdt b.1 Machineco fasmsliuasumesiadaedosiidiiosiian adldtmunnis
Fadulunsuidamil

M13199 6.1: setup times @1m5utlgy1 Machineco

RRIGEN)

WASBIENT U 1 N2 U3 N 4

1 14 5 8 7
2 2 12 6 5
3 3 9
4 2 4 6 10

81
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M3 J3

M2 J2
M1 J1
MO JO

fia989 6.1.2. Ugin1suouUniNeIu Machineco has four machines and four jobs to be completed. Each
machine must be assigned to complete one job. The time required to set up each machine for completing
each job is shown in gﬂﬁ @ Machineco wants to minimize the total setup time needed to complete the

four jobs. Use linear programming to solve this problem.

E‘Uﬁ 6.1: Yoymdi

Time (Hours)
Machine Job 1 Joh 2 Job 3 Job 4

14 5 8 7
2 12 6

7 8 3 9
2 - 6 10

AW N

faoee 6.1.3. Ugyminisusununeau Appletree Cleaning has five maids. To complete cleaning my house,
they must vacuum, clean the kitchen, clean the bathroom, and do general straightening up. The time it
takes each maid to do each job is shown in E‘U‘T/sl' @ Each maid is assigned one job. Use the Hungarian
method to determine assignments that minimize the total number of maid-hours needed to clean my

house.

faoee 6.1.4. Ugynin1susununeu Five workers are available to perform four jobs. The time it takes
each worker to perform each job is given in E‘Uﬁ @ The goal is to assign workers to jobs so as to minimize

the total time required to perform the four jobs. Use the Hungarian method to solve the problem.
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g‘dﬁ 6.2: Yaymil

Time (Hours)

Clean Clean Straighten
Maid Vacuum Kitchen Bathroom Up

6 5 2

Dhn K W N —
L 0 o O
DN 3 D o0
AN &0 \O

S SO 'S T SN 'S I

U7l 6.3: Ty

Time (Hours)
Worker Job 1 Job 2 Job 3 Joh 4

1 10 15 10 15
12 8 20 16
12 9 12 18
6 12 15 18
16 12 8 12

(V) B SN VS I\

6.2 WUUINARINERAIAAY Inventory model

@

Tun19g3AINITIANAVRINTUTIINARAIATIHONAN N TRUYINIAENSAWINEREIU turnover Asil

¥

suudAlugesTeznm

turnover ratio = (6.1)

AuvuRieNanARdIluYIIaIl

(b.1) wansUihivestanawdsineldlutasnaiiaula nglasitilufeUiinadiidesnd 1 dwweniiitan
ASASINNLAY USUNUALNNRERIDIANINASVIENF wad1unsiulUazUsuandausun dndiudurmindintes
LALB19AINAD Loss sales MAnIINFUAIVIAARDA

YSunaiandiudadiu tumover Aoduiuiuluadaduddwioluil
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o U U a ) 4 360
Puwiulupdfuin = ————— (6.2)
turnover ration
WUURNYA 6.2.1. [6] The current-year balance sheet of a company shows a beginning and end inventories
of $90.4 million and $20.2 million, respectively. The net revenue from sales for the year is $210.3 million
and the gross profit is $30.4 million. The final report claims that the company’s average days-in-inventory

is about 4 months. Assess the company’s claim.
2591 Days in inventory = 112.31. Report is true. ll

wuUBniim 6.2.2. [6] McBurger orders ground meat at the start of each week to cover the week’s demand
of 300 lb. The fixed cost per order is $20. It costs about $.03 per lb per day to refrigerate and store the
meat. (a) Determine the inventory cost per week of the present ordering policy. (b) Determine the optimal
inventory policy that McBurger should use, assuming zero lead time between the placement and receipt

of an order.

ad

591" (a) Total cost per week = $51.50 (b) Total cost per week = $50.20, y* = 239.05 (b. H

WUURNYA 6.2.3. [6] Two inventory policies have been suggested by the purchasing department of a
company: Policy 1. Order 150 units. The reorder point is 50 units, and the time between placing and
receiving an order is 10 days. Policy 2. Order 200 units. The reorder point is 75 units, and the time between
placing and receiving an order is 15 days. The setup cost per order is $20, and the holding cost per unit

inventory per day is $.02.

3591 (a) Choose policy 1 because its cost per day is $2.17 as opposed to $2.50 for policy 2. (b) Optimal

policy: Order 100 units whenever the inventory level drops to 10 units. Il

wuUBniia 6.2.4. [6] An item is consumed at the rate of 30 items per day. The holding cost per unit per
day is $.05, and the setup cost is $100. Suppose that no shortage is allowed and that the purchasing
cost per unit is $10 for any quantity not exceeding 500 units and $8 otherwise. The lead time is 21 days.

Determine the optimal inventory policy.
35911 Optimal policy: Order 500 units whenever level drops to 130 units. Cost per day = $258.50.

A situation in which dynamic deterministic demand occurs is materials requirement planning (MRP). The
idea of MRP is described by an example. Suppose that the quarterly demands over the next year for
two final models, M1 and M2, of a given product are 100 and 150 units, respectively. Deliveries of the
quarterly lots are made at the end of each quarter. The production lead time is 2 months for M1 and 1
month for M2. Each unit of M1 and M2 uses 2 units of a subassembly S. The lead time for the production
of Sis 1 month. Figure Ell depicts the production schedules for M1 and M2. The schedules start with the
quarterly demand for the two models (shown by solid arrows) occurring at the end of months 3, 6, 9, and
12. Given the lead times for M1 and M2, the dashed arrows show the planned starts of each production
lot. To start the production of the two models on time, the delivery of subassembly S must coincide
with the occurrence of the dashed M1 and M2 arrows. This information is shown by the solid arrows in
the S-chart, where the resulting S-demand is 2 units per unit of M1 or M2. Using a lead time of 1 month,

the dashed arrows on the S-chart give the production schedules for S. From these two schedules, the
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combined demand for S corresponding to M1 and M2 can then be determined as shown at the bottom of

Ell. The resulting variable but known demand for S is typical of the situation where dynamic EOQ applies.

'E‘Uﬁ 6.4: Example of dynamic demand generated by MRP

Model 1 Model 2
01 2 3 45 6 7 8 9101112 01 2 3 4 5 6 7 8 9 10 11 12
——ttt—tt+—+—t—t+—+—+ ——ttt—tt+—+—t—t+—+—+
100 100 100 100 150 150 150 150
I | | [ I I I I
M1 ¥ * f l * } l * } i * } i —t * l t * i t * l } * lMZ
100 100 100 100 150 150 150 150
200 200 200 200 300 300 300 300
I I I [ I I I I
S * l f * i f * i f * l +— f * l f * l I * l I * i { S
200 200 200 200 300 300 300 300

200300 200300 200300 200300
ol Lol Lol Il

Combined requirements + * ) + * * * * + L
OfoormodelslandZ(') i é :')’ :1 — +—t—

1
T 1
6 7 8 9 10 11 12

[

WUURNYA 6.2.5. [H] In Figure Ell, determine the combined requirements for subassembly S in each of the

following cases: (a) Lead time for M1 is only one period. (b) Lead time for M1 is three periods. (extra)
2591 500 units required at the start of periods 1, 4, 7, and 10. W

wuuniia 6.2.6. [H] The demand for a product over the next five periods may be filled from regular
production, overtime production, or subcontracting. Subcontracting may be used only if the overtime

capacity has been used. The following table gives the supply, demand, and cost data of the situation:

M50 6.2: Vaya

Production capacity (units)

Period Regular time Overtime Subcontracting Demand

1 100 50 30 153
2 40 60 80 200
3 90 80 70 150
4 60 50 20 200
5 70 50 100 203

The unit production costs for the three levels in each period are $4, $6, and $7, respectively. The unit

holding cost per period is $.50. Determine the optimal solution.

2591 Produce 173 units in period 1, 180 in period 2, 240 in period 3, 110 in period 4, and 203 in period 5.
|
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wuuBniia 6.2.7. [6] Consider Example 13.4-2. (a) Will x4 = 0 in the optimum solution? (b) For each of the
following two cases, determine the feasible ranges for z1, z2, z3, x1, x2, and x3. (You will find it helpful to
represent each situation as in Figure 13.10.) (i) x1 = 3 and all the remaining data are the same. (ii) x1 = 0,

D1 =5,D2=4,and D3 = 5.

ad o

991 13-26. (a) Yes, because inventory should not be held needlessly at end of horizon. (b) () 0 < 21 <
5,0<22<6,0<23<6;21=3,1<22<6,0<23<4 (iHbH<21<14,0<22<9,0<
23<5;21=0,0<22<9,0<2z3<5

wuURniia 6.2.8. [6] Find the optimal solution for the following four-period inventory model:

M3NA 6.3: Vaya

Demand  Setup cost Holding cost
Period 7 D; (units) K; (%) hi ($)

5 5
2 7
3 9
3 7

—_

1
2
3
q

The unit production cost is $1 each for the first 6 units and $2 each for additional units.
WM 21 =7,29=0, 23 =6, 24 = 0. Total cost = $33. W

wuuBniia 6.2.9. [6] Solve Example 13.4-3, assuming that the initial inventory is 80 units. You may use

excelWagnerWhitin.xls to check your calculations.

3891 Use initial inventory to satisfy the entire demand of period 1 and 4 units of period 2, thus reducing
demand for the four periods to 0, 22, 90, and 67, respectively. Optimal solution: Order 112 units in period
2 and 67 units in period 4. Total cost = $632.

wuUBniia 6.2.10. [6] The demand for fishing poles is at its minimum during the month of December and
reaches its maximum during the month of April. Fishing Hole, Inc., estimates the December demand at 50
poles. It increases by 10 poles a month until it reaches 90 in April. Thereafter, the demand decreases by
5 poles a month. The setup cost for a production lot is $250, except during the peak demand months of
February to April, when it increases to $300. The production cost per pole is approximately constant at
$15 throughout the year, and the holding cost per pole per month is $1. Fishing Hole is developing next

year’s (January through December) production plan. How should it schedule its production facilities?
35911 Produce 210 units in January, 255 in April, 210 in July, and 165 in October. Il

Aq819 6.2.1. Jaymianmsada

Sailco Corp fsnsmsuudeluiiavdomanluusay quarter voas 4 quarters Wielduluay Demand vas
W 4 quarters aseluiiae lu quarter 7 1 doansi3eolu 40 &1 lu quarter 7 2 Foams3elu 60 &1 lu quarter #
3 fiosnsidelu 75 & waz lu quarter 7 4 Fasnisidelu 25 &1 nskdnvzdewilinisdsdeludulumuivun
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Taefineu quarter 7 1 $U3uau inventory og 10 &1 Tuusiaz quarter UEmanusandslalaiAu 40 &1 soussau
Usniafidisunu $400 siadn uae dldwiineay overtime azldBalulusiadunu $450 siadn Astanmsnds (holding
cost) sgwinausiay quarter Antdu $20 sedn Tivuanis@adulunsmemsenisudndile i duyudisi ian
dm3u 4 quarters i

WUURNYA 6.2.11. gnéndipansUianududn Tu 4 ey $1uan 50 Fu 65 u 100 Fu uaz 70 Fusmaiy Tnevinu
backlogging (udsveadeunas) amndnneneluusaziioudndu $5, $8, $4, and $7 muawiu AlanAIRS
Anidu $2 demheluusaziiou neAndusuianaiedsiiduwieu Wanawndsludiouanine (Foud 4) anuns
pldlunetuay $6 mimuanadaduiidsmreudunsdauasdnio WHdmu demand vowis 4 iWout

wuuRin¥in 6.2.12. James Beerd audaiinuaz wnwudnvlewad lngluwsazfieuwiazeunla iy 65 dou
v v | = ' 2 N Yy v a o w
Funuuay demand fifesdsnsannan ilulumumes b4 Ineluudasieuiianiudndefoudniu s0cdmiuda
WAin way doedmiuidinuuinlasad aseimuanisidaduiiolil James Beerd mduyusiuingaiioautdnliniu
31U demand lu 3 1oy

M15199 6.4: setup times @1m5utlgy1 Machineco

WOUN 1 LOUN 2 WOUN 3

£

WA demand Aunu ($/AN) demand  Aunu ($/AN)  demand  Aunu ($/4AN)

Faan 40 3 30 3.4 20 3.8
Wnwuanmalsad 20 25 30 2.8 10 3.4
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uni 7
N159LA512%N15AnaUTa Decision Analysis

lanuwisanudussadeyadiulngfianuliuiueu wiazdymnssuimefmuanms@uduinagldiBnsussunn
ToyauazauuAlviiidnuiueu viieluinsandymiuglutissesiaidus Jagyiiideyaiinnuuuusuusiue
1INEITY

Tunanedgymtiu wenandeyaiimnulidutuouudy §9199mansiiansanaveseswalauidn delunsalil
ax . . & ad = YY)
75113 analytic hierarchy process ausatduisnisimunzaulunislauntgn

7.1 wadanmsudtymitlidudymiBsiivuna Decision Making Under
Certainty - AHP

L%ﬂﬁﬂmil,lﬁﬂzymﬁiﬂLﬂuﬁmwﬂl,%dﬁmum Decision Making Under Certainty—Analytic Hierarchy Process (AHP)

The analytic hierarchy process has been used in many different fields as a multi-attribute decision analysis
tool with multiple alternatives and criteria. AHP uses “pair-wise comparisons” and matrix algebra to weight
criteria. The decision is made by using the derived weights of the evaluative criteria [5]. Importance is

measured on an integer-valued 1-9 scale, with each number having the interpretation shown in gﬂﬁ.

JUN 7.1 anuduiusseninsezuuilundndilSouiieuiussauanuddy

Value of a; Interpretation

1 Objectives i and j have equal importance

3 Objective i 1s weakly more important than objective j

5 Experience and judgment indicate that objective i 1s
strongly more important than objective j

7 Objective i 1s very strongly or demonstrably more
important than objective j

9 Objective i 1s absolutely more important than objective j

2,4,6,8 Intermediate values

89
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da89 7.1.1. (6] indAuduiinFeusaiesluduisounudil 6 Sumiendoauuisauslsinuie U of A, U of
B, and U of C mifuldnisdnduladenineganinesmisndunasdaidesvesunniends lnglvianudidyves
A o~ &y A =x9qvo o o oA o v SO v o
Fodoadurmivivesazuuuvesiias Javiuinin 83% futieides uag 17% Auiids Feaelinsyurunsiilussuy
AN IEF UL INNFETIIENLUIA INLNNDIVBITAATOIFEY ANunT197 7.1 dasialuil

A15°99 7.1: dadunnudfgivenisdnduladmiudymi

Percent weight estimates for
Criterion UofA UofB U of C

Location 12.9 217 59.4
Reputation  54.5 27.3 18.2

JUN 7.2: Tassadraveslymi

Decision: Select a
ecision: ; .
university
|

Hierarchy 1 Location Reputation
criteria: (.17) (.83)
Alternatives: U of A Uof B UofC Uof A Uof B UofC

(.129) (:277) (:594) (.545) (:273) (.182)

L L. L. ] | J
\ S~ P _--" /
\ P ~=<_ /
\ - S~ - - /
\_ =" ~<_ - ———_

‘ 17 X 129 + 83 X 545 = 4743 ‘ ] 17 X 277 + 83 X 273 = 2737 | ] 17 X 594 + 83 X 182 = 2520 \
UofA UofB Uof C

Tnssadwiumssnaulatiymidulumusuit .4 Symiivisszsu Grunanmsdadule) aesnnst @fuasie
We) wazanumaden (U of A, U of B, and U of ) nsdsansusdulusnuiminsiusaseluil

Uof A=.17%*.129 + .83 * 545 = .4743
Uof B=.17* 277 + .83 % .273 = 2737
Uof C=.17*.594 + .83 * 182 = .2520

NAzLULRINaIniRuIzdenty U of A Wenaniluuvdeifinsuuugadn

Y

dadaunn lassaieves AHP enviivaneseau (Eruamsdndula) auudluimiegned Thauduwdaveunsau

=

fldsumaiauonuanumdsiiauuising wifunasewesiaesduiuinfaossfesdenluiidientu sui [r.3
ayUlassadsvesdigmidissfunmsdadulaasssedu nelvie p uay q Wuhmindaslussduusnvesaziuunis
Faaulavewnifutazvoaunuadiu Seluiitmsezwhfunudng divdn (p1, p2) and (g1, 2) Tuszsudiaes
\Hudndihuinasuuuvesiidaasdeidosfiunsauuaviousausielffuiamaniu dadutminludud
widelauduiusluiusafeniu azdunalain
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ptg=Lp+p=Lag+q@=1,
pu1+pi2+pi3=1,

pa1 + P22 + P23 = 1,

qu + qi2 +q13 = 1,

WaE go1 + go2 + qa3 = 1

Frueavesnnd 1. 15.2 wansnisiuiuazuuuTimes U of A

JUN 7.3 Winlassasrsvaslymii
Y o

Select a

Decision: . .
university

ey ! Martin (p) Tane (q)

Hierafchy 2 Location (p;) | I Reputation (p,) | ‘ Location (q;) | | Reputation (g,) ‘
criteria:

Alternatives:

Uof A =p(p; X pi1 + p2 X pa1) + q(q1 X qu1 + g2 X q21)

AsLMIINYedadIu NsvniutnvesdndiuiSeuiieudurilavedisnis AHP avudlilusesunisdnduls
SEAUNTNTNUNIUNISARGY 7 LNAST NSEUIUNTAIRUTUIATIERILEINE N x N WRSADUSEUBU A k@AINIS
finauladendndiulInin YaIANEIAYVRILAAZLNA

nsiSeuiiguinusiluusaze

A= (ay)

aij 08387319 1 89 9 o 1 vanedie i wae | danuddgiieuwingy wazanudidgues i Weuiu j geiuiseyy
uiisgeanluseiuAzLuuiiy 9

ANUARFUAINVBIN IANFUALWUUAINAIA a;; = ai way a; = 1

Ji

faa8ne 7.1.2. msmuumeinddadiu A Tushegsd .1 hshudendpdmhminvesddumsdindulavuan
symINaslaz Yo desuesanitu lagly Jeldesvesanrdullmndrdgyninnasegnsunn Ael ay = 5 agldin
1
5

v
v A

a1p = ¢ M
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L R
1
5
1

i)

ndhduivsamnsamislasnsusuning A Tiduussingiu ue3nd N sremsmseaudnusasfae
AaziuuTINvesneul fie 14 5 = 6 Turedutivilaay § + 1 = 1.2 Tureduiiiaes

v o W [

UMINFUNNSNARIN1SAe wy kay wy, AMuInlfNALRdeYeILaIRT

L R Row averages

N= L (.17 .17) wp = AR = 17
R \.83 .83 wp = S8 g3

wld wp, = .17 and wg, = .83 Fegnilulélugud [.d arwesduamldmumguiidmsuanindoun 2x2 us
finaglylaluwmdndaunigeguuly

v

= sa 1 1 ¢ v a o v 6 Yo
ﬂ’]ﬁiJWﬂW@I‘\]‘U@xﬁJ"IWWW@LLWﬁ%Lﬂm‘VIﬂ"li(ﬂﬂﬁuﬁlugﬂLLUUﬁNWV}ﬁaiﬂlﬁﬂﬂu

A B C A B C

A1 5 A/l 2 3
Ar=pl2 1 | Ap=pB|L1 1 3
C\5 2 1 C\: 2 1

V1 v 6
‘\]31@’3’1 NaSIUADANULUU

A, — column sum = 18,3.5,1.72
Ar — column sum = 11.83,3.67, 5.52

[

wesngUsuusTinguazlannnsmsaundnluusasredulienasiuveusazaodutnal

A B ¢ Row averages
A /125 143 118 wp 4 = BB 9q
Np= p|.250 286 .204 2503864204
C ) . wrB = 3 = .277
625 571 .5B88 wie = .625+.5371+.588 — 904
A B ¢ Row averages
A /.545 545 545 _ 54545454545 _ gy
Nr= B|.273 273 273 e .273+.2373+4273 o
wpp = =EEEEREE = 273
C \.182 .182 .182 Wi = .182+.1§2+.182 — 189

Y
o

A (wrpa,wrs,wre) = (.129,.277,.594) wanatauminaziuuduinsuesnsswes U of A, U of B, and U of
C MNa1AU
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A (Wra, WrE, Wre) = (.545,.273, .182) wansdeimiinazuuuduivdvesdeidoswesauanic aumanild

g lUldluguit [r.d

Y Y

AMuALdUANYaLUASNDgIUSUiEU Consistency of the comparison matrix. Tufaeg197 , NNABENY]
Yoa1n3ngUsug normalized matrices N and Ng SiAwhiu uanssanlu N Savneauin A wes
AR flanunadunaan ud Ay Tl

[

AMUALALAIINUIUBNINNITANFUALLUUAIMUEIATY TA8ANUALELAIN TuNAfRFaRsSIuRSngLUSaULTeU

o

wiANUANFUATINTENNY i, J, and k

;A5 = ik (7.1)

[

awldmuauns 1.1 dewdlennaoding (wazuna) ves AR linearly dependent Fuifuasenufomlusedng 2 x 2

q
v
=

K " @ a A caaaa o o ) ' P Ao v oA o P
wisinlahJuaselumndndnfififgeiuglu Seimsinseduanulinadupmnsuldiietannunnuauduanives
wasndSeuisu A

[

AR Vinadnsdumnsndusugiu N ailnnaedumiiouiudsi

W W ... W1

Wy W2 ... Wo
N =

Wp Wp ... Wy

nwasngusugiu N hnduldumsndilsouiiou A Tnensmsusazaodut 4 e w; azla

1 @ wi
a e
w2 w2
A — w1 1 Wn
e |
w1 w2
gansngSoudiou A mevnie w = (w1, w, . . ., w,)T aldl
wi wi
1 s o w1 nwy w1
wp w2
o 1 ... o wy || w2 . Wy
Wn Wn
o e 1 Wn, nwy, Wn

satiuA azandunsnide A w = nw

dmduning A filinadunmi arvinduivg w; Ussanaldividudnedevesinn i veaunsndusuussvingu
N (gauiaegnait [1.1.d) 1% @ Hunnwesdnads agld

A’lIJ = NraxW, Mmax >n

A My NHNATUAT N FLLAAIDITLAUNINAAINUALEUAII

3

=3 1

INTOFWNAT ANFAFEIUAITUAWEUAIIT WNEHAN

CR=CI/RI
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AiauARduA1aRNn3ng A CT = (Npy —n)/(n — 1)
ANUANAUAINFUVRIUNING A RT = 1.98 x (n — 2)/n

A1 CR < .1 fuaisuld deanuliaaduasngauiu enadebiguszdiusumdssdiulniliiianuauas
N

N
A = n,a
n - — .
Zj:l Wi = Ny W VOINN |
= n _ v
e 77, w; = 1 9zl
n n — n —
> e Zj:l Wi = M D5y Wi = M
O A @ i s v e _
TUAD 1y, WITURGTINVRSANRE AT Aw
Aa9819 7.1.3. Tufegned wesng Ap ldeadunnmszusazaedutives N ldmileudu
Tunsneseuauandunnives N Guainnsmen no.,

NFIDE o1

wi =129, wy = 277, w3 = .594

PNUU
RS ANAT T
App=[2 1 1| | 2m7| =™
5 2 1) \.504
nw,

Naxy = 3863 + .8320 + 1.7930 = 3.0113
AWMU n = 3,

CI = (e — n)/(n — 1) = 20=3 = 00565

RI =198% (n —2)/n =122l — 66

3

CR = CI/RI = 25 = 00856

= i AV v 1 v i 1y} v = [ o Ao Yy
LUe331nA1 CR Wl@@iﬂ’]u@ﬂﬂ'ﬂ’] 0.1 im‘ummmLaummmagimmumuiﬂ



7.1. wadensudtymilidutawudeiimug DECISION MAKING UNDER CERTAINTY - AHP 95

#iilusian 7.1.1. lvdidsvihailuseilunguavaiuau lnedenaniunisaiivansauiieasiauwuud15iasiessuy
AHP ¥Mn1sd1siauaz ezt M avianuideu@adunadn) veaussndwSeuieu 3ntuusuashuung
U d‘

drynluwssndiiouiieuladeianudoueluseduniuld (iFeanasiszaudnegluszauniule) senu
Halpednvinlvegluguwuuiilusion
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96
SU# 7.4: fhheghauuudisiadmiuszuu AHP
AmddTsuWsussaadentulledy
h) maudon 1 adueudfySsudisumadeon 1 uas viaden 2 nden 2
: slsl7]e]sa]s]2]1 23]a]s]e]7]e][®
o & >
é’wuﬁﬁ”@ﬁ'ﬁgmmi"z ﬁ'"mﬁﬂ'm”tgmnn'h
1] madan 1 diuaruddyuisuiisumaden 1 uaz viaden 3 waian 3
5 slal7ls]s[a]s]2]1]2]s]e]s]e]7]@]"
‘ < * —
udiddunni gruilddgannniy
40 yaden 1 adverud fySsudivunadon 1 uas viaden 4 wiadan 4
A olsl7]e]s]e]3]2]1]2]2]a]ss][7]@]5
dudddnannn Fuiidndnannnd
48 madian 2 e middguisudisuniaden 2 uas waden 3 walien 3
: ols|7]e]s]a]s]2]1]2]3]a]s]e[7]®]
Srutddannnia sruilddnannnia
$o wiadan 2 adurruddigaSeurisunaden 2 uay vaden 4 nden 4
. olal7]s]s]a]s]2]1]2]3]a]s]s]7]c]®d
« ® *
fuiiddgannni Fuilddannni
) windan 3 aduenudfgiisuiisumadon 3 uas viaden 4 maden 4
. olsf7]s[s]a][s]2]1]2]3]a]s]6]7[]>
« & *
sﬁ'wuﬁ’ﬁwé’mmnniﬂ Kuiiddnuann

7.2 nsandulaniglaniudes decision making under risk

Aa9e19 7.2.1. TaalasuRudmiumsamulusaiavanning $10,000 ten1sgeviuusev A vise B viuustm A i

Adssas wilinarils 50% (Mamnsedis “bull” market) usidimainudan mlumnaiand (“bear” market)

WaA1IN15aUILmgly 20% Huusen B Tinanils 15% Tunainnseiis “bull” market usilvirlsud 5% lunain

il “bear” market N)nn1INeNIRIAIAIT 60% Ullazilumaianszdis “bull” market 40% azidumaiand “bear”

market JanAdsamuluiudile

3391 sulsinsenauladus

il

Seymilannsoasuldomuzuit 7.3 Tagldsuuun nodes 2 uuveansa [J wnuaansdaduls uazasnau O wnu

¢ ol a X i &, IR =] &, v a = i & v a o
wignsaifidlonaindumumaaundulule dadu luged 1 Jugesedulunsidenamussninenmsdoru vt
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JUN 7.5: asUteyavestayymnisdndula decision making tree fagnail

l-year return on $10,000 investment

Decision alternative “Bull” market ($) “Bear” market ($)
Company A stock 5000 —2000
Company B stock 1500 500
Probability of occurrence .6 4

AviFe B mntuluapafiunmuvnmanl 2 wag 3 wnu anmpainnseiis “bull” market uagmanviil “bear” market
manudullldvausdazingnisaliasAnauuny

23U .4 Aanantenisaaulu 1 Yaady

WUUTIN A = $5000 * .6 + 1-20002 * .4 = $2200

t%

PUUTEN B = $1500 * .6 + $500 * .4 = $1100

q

Handsmsidenamuluiuuign A mselidimeniainmsawuianiinisamuluuuien B

U 7.6: sulfin1sdndula decision making tree dwsuleyymdiegnem

“Bull” market (.6)

$5000

Invest in stock A /.
@
“Bear” market (.4)

—$2000

“Bull” market (.6) $1500

Invest in stock B /.
®

“Bear” market (.4) $500

179814 7.2.2. This example demonstrates how the expected-value criterion is modified to take advantage
of posterior probabilities. In Example , the (prior) probabilities of .6 and .4 of a “bull” and a “bear”
market are determined from available financial publications. Suppose that rather than relying solely on
these publications, you have decided to conduct a more “personal” investigation by consulting a friend
who has done well in the stock market. The friend quantifies a “for/ against” investment recommendation
in the following manner: In a “bull” market, there is a 90% chance the recommendation is “for.” It drops

to 50% in a “bear” market. How does the additional information affect the decision?
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3591 The friend’s statement provides conditional probabilities of the recommendations “for” and “against”

given that the states of nature are “bull” and “bear” markets. Define
vl = “For” vote v2 = “Against” vote m1 = “Bull” market m2 = “Bear” market

Thus, the friend’s statement may be written in the form of probability statements as P5v1 0 m16 = .9,
P5v2 0 m16 = .1 P5v1 0 m26 = .5, P5v2 0 m26 = .5

With this representation, the decision problem is summarized as: 1. If the friend’s recommendation is
“for,” would you invest in stock A or in stock B? 2. If the friend’s recommendation is “against,” would
you invest in stock A or in stock B? The decision tree in Figure 15.5 represents the problem. Node 1 is
a chance event representing the “for” and “against” possibilities. Nodes 2 and 3 are decision points for
choosing between stocks A and B, given the “for” and “against” recommendations, respectively. Finally,
nodes 4 to 7 are chance events representing the “bull” and “bear” markets. To evaluate the different
alternatives in Figure 15.5, it is necessary to compute the posterior probabilities P5mi 0 vjé shown on the
m1- and m2-branches of nodes 4, 5, 6, and 7. These posterior probabilities take into account the additional
information provided by the friend’s “for/ against” recommendation and are computed according to the

following general steps:
1.
2.
3.
4.

The given decisions are equivalent to saying that the expected payoffs at decision nodes 2 and 3 are
$3110 and $731, respectively (see Figure 15.5). Thus, given the probabilities P5v16 = .74 and P5v26 = .26
as computed in step 3, we can compute the expected payoff for the entire decision tree. (See Problem
15-30.) A



7.3. WUURnNA

7.3 WUURNYA

wuuHning i dmiuungesi
wuuRnviag i dmsuundonil .4
UM 7.7: wuunegdeu 1

Suppose that the following weights are specified for the situation of Martin and Jane
(Figure 15.2):

p= .5qg=.5

p1= 4,p, = .6
pu = 129, p1, = 277, p13 = .59%4
pa1 = 545, py = 273, py; = 182
g, = 6,9, = 4

qu = 2,91 =3, q3= .5

qn = S5,q»n = 2,93 =3

Based on this information, rank the three universities.

wUUBnYia 7.3.1.

99
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wuuRndin 7.3.2. insandeyaaesseauveslym lddoyamtinauaiuasly excelAHP.xls udiaiun
gnsdmSunsmAtAzuuTINTEsRIEoNUIN U of A udidnaenwadiieviiuiieifiuiunzuuuees U of A uay

U of C



7.3. WUURnNA

The personnel department at C&H has narrowed the search for a new hire to three
candidates: Steve (S), Jane (J), and Maisa (M). The final selection is based on three
criteria: personal interview (/), experience (E), and references (R). The department
uses matrix A (given below) to establish the preferences among the three criteria. After
interviewing the three candidates and compiling the data regarding their experiences
and references, the matrices A;, Ag, and Ay are constructed. Which of the three
candidates should be hired? Assess the consistency of the data.

WUUHNR 7.3.3.

>

I
X Mo~
B oo =~

< ”n
D= W = 0

JUN 7.8: Luunageu 3

o

Dn =

N = e N

~

A [ N [

— o= N g

>
I

z
|

) =~
B Q= -

<

S

L %

J

3
1
5

N = N

—_ = E

[ e 3

101
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15-4.

W= = D>

LUURNYiA 7.3.4.

unil 7. mMsaaTIziIsenaUla DECISION ANALYSIS

U 7.9: wuuvegdeu 4

Kevin and June Park (K and J) are in the process of buying a new house. Three houses,
A, B, and C, are available. The Parks have agreed on two criteria for the selection of
the house —amount of yard work (Y) and proximity to place of work (W)—and have
developed the following comparison matrices. Rank the three houses in order of

priority, and compute the consistency ratio for each matrix.

K J

Y W Y W
1) a=ali )
Ay = 3) A=
K W(3 1) 77 w\i 1
B C A B C A B C A
2 3 A1 2 % A/l 4 2 All
1 c\2 3 1 c\; 1 1 c\i

W= = N Dy

— W AN



7.3. WUURnNA 103

wuuBniia 7.3.5. dnidsunthlulsaunud 3 sgrdlunisidenaentlsde (@indiun) lauwn royalty percentage (R),
marketing (M), and advance payment (A) d1iiniiusi H and P liauaulaaued Tideyanugui .10 dadsiu
ATLUUAINALLEYIAIAILTEEU (ALALELAII)

UM 7.10: Tayanuunnaauton
Y Y

R M A
Rf1 1 1
A=Ml1 1 1

A\4 5 1

H P H P H P
H(1 2 H1l> H<11>
RP<%1>MP<21AP11

WUURNYA 7.3.6. You have been invited to play the Fortune Wheel game on television. The wheel operates
electronically with two buttons that produce hard (H) or soft (S) spin. The wheel itself is divided into white
(W) and red (R) half-circle regions. You have been told that the wheel is designed to stop on white 30%
of the time. The payoff of the game is

W R
H | $800 $200
- $2500 $1000

Develop the associated decision tree, and determine a course of action based on the expected value

criterion.

wuuBiniia 7.3.7. Farmer McCoy can plant either corn or soybeans. The probabilities that the next harvest
prices will go up, stay the same, or go down are .25, .30, and .45, respectively. If the prices ¢o up, the
corn crop will net $30,000 and the soybeans will net $10,000. If the prices remain unchanged, McCoy will
(barely) break even. But if the prices go down, the corn and soybeans crops will sustain losses of $35,000

and $5000, respectively.
1. Represent McCoy’s problem as a decision tree.
2. Which crop should McCoy plant?

wuURniin 7.3.8. You have the chance to invest your money in either a 7.5% bond that sells at face value
or an aggressive growth stock that pays only 1% dividend. If inflation occurs, the interest rate will go up
to 8%, in which case the principal value of the bond will go down by 10%, and the stock value will go
down by 20%. If recession materializes, the interest rate will go down to 6%. In this case, the principal
value of the bond is expected to go up by 5%, and the stock value will increase by 20%. If the economy
remains unchanged, the stock value will go up by 8% and the bond principal value will remain the same.
Economists estimate a 10% chance of inflation and 5of recession. You are basing your investment decision

on next year’s economic conditions.

1. Represent the problem as a decision tree.
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2. Would you invest in stocks or bonds?

wuuBiniia 7.3.9. A fair coin is flipped three successive times. You receive $1.00 for each head (H) that
turns up and an additional $.25 for each two successive heads that appear (remember that HHH includes

two sets of HH). However, you give back $1.10 for each tail that shows up. You have the option to either

play or not play the game.
1. Draw the decision tree for the game.

2. Would you favor playing this game?
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NOuANU Game theory

Tuuniumn nsdedulanssilaedfeiwas lidmaseaudunselilinuda wilurangqaniunisaiasany n1s
andulalaazdiadenisindulavesiduld Wunsassanevemanduiviagondinanosonv1eveINInuLe
uazvaaYs (3]

= | v a AA Yy a = a k4 a Yo a P )
nouinutiglunisdndulalunsdiginduls @duummquinuilasBendy diawmvaeauiinadssleviviudeuiu
= & | 9 a & a ANaaY
Fadomdnlngluiviagiasanly nsdlndgiauasau

Tfsvuvilfigiauassing vagfimnuaain dnaussloviiidaudstusazdomavugihensdn fegrdlumagsia
wunsaslavanvidenisBudusdndae vsonisnulunissy fauaesedidenvieiiuausiieg usazdues
uwNusAEen (strateey) (vasivassihe)issananouwnuvie payoff duenileldsuanihensedna Bonsvuuil
Junsdififiduaesrunadnssauidugud (two-person zero-sum game) mseeiafiazldvidotneazldniediean
Fnensatn

inusfnazunulneipsnduanouuny datulusud B

4

JUT 8.1: winsndnanounnuvenunifiauaesnunadnssnduaud

B, B, ... B,

A | agq aip ... Am

dloflau A deniauuny (strategy) i wasiau B onauuny j asdseianansuunulu a;; dudiau A an §
i B (wazdiau B leisetananauwnudu —a;; 91ndieu A)

105
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¢

8.1 AmauANgavawnunifisuaasaunadnssasdugud

v
' o

optimal solution of Two-Person, Zero-Sum Games [6] fieaniiilaurisansnuazliiudeuluidenuaudunsiy

q

ey TINaaNSNA YNNG

§29819 8.1.1. USH A uaz B weeuilduesdvie Ui A adlawanyng youtube (A1), facebook (A2), google
(A3)

USEN B uananazadlawaInig youtube (A1), facebook (A2), ag google (A3) Laa 8384 IG (B4)
LW NLAAENIRIEILLUINTAAA MUMLLAUTEANT AN ILFaL 2w

wesnduanauwnuluun @ WARIEILLUINSAANR N AT o dslaeUSEN A;

JUT 8.2: wansduudansnanfilavisaidelaeuivm A Tulym

Bl Bz B3 B4 Row min

Aq 8 2 9 3| -3
Ay 6 5 6 8 5 < Maximin
Ay | 2 4 -9 50 -9

Column max 8 5 9 8
Minimax

' ' ' '
aa aa

o ° a & = G | ! v
‘VmﬂmiﬂUﬂqiﬁ’]ﬂ']m@U‘V]fm/]?!ﬂﬂ@ﬂ'ﬁVi"lLLNUWWVIZ?@GU@\‘]LVI?IWWLLHV]@W%@QLLW@%E&L@U

§1U3EN A Fonuau Al lagliidefaunuuiem B nalugignfe usem A asidodiuuuinisnainliuien B 3%
Fenatiforsnanverluuwn i 1

Tuyhueafeniuiuunu A2 nalugfianfie USEn A 9lddIuuianIsnaInaINusem B 5% wazwinuy A3 Junaiiug
ignfe UTEN A azddmiuinisnanaliuien B 9%

&~ & e ] . o ) i Ao a o a A
Nau%ﬂuu]u@']m’]q@‘ll@ﬂLLWagLLﬂ'J(rOW min) LW@ImﬂNaLLﬂqu@]Vlﬂqu@ UIEN A SLADNLHU A2 LWSIZADAN

' '
a al

NTUIUNMITANTWNNATNINANDULMIY USEN B LFONUHUTANAAVIMAINLENAARIUMAN AT minimax HaRD
UTEN B azidanuny B2

v
£ oA

° aa S & = v s & Y]
ﬂ']ma‘U‘V]fﬂ‘V]fjﬂsUaﬂLﬂilu@@ﬂ'ﬁl»a@ﬂl,l,ﬁxlu A2 lay B2 UUﬂ@WQ@JLaaﬂﬁQImUm"IWWQ facebook NaansazLduuINnu

UM A wisrzazladiuniin1snainiiindu 5% lunsdiiiseninarvawnudady 5% way USEv A way B 1@anan
aaufildurinauausin (pure saddle-point solution)

' v
aa e 1 1%

ANMBUDIUINYIN AT NS EanwaudY ws1e vl lananfau wuduSew B wWasuldidenwaudy (B1, B3, or
B4) USHM A @unsadanuHudula lananfndu (6% wse 8%)

Tuvhuasfednuusen A agliildsulUidenuiudunsieusev B avanunsawasuludoninu B3 Trlaaiuwuanis
AANM 9% DI1USEN A LEDNLAY Al WAY 3% a1USHN A LEDNLEY A3

A79819 8.1.2. Hlduaasau A way B wnuveswsery Ineseihesaliinsfenduresilngstiu Masidenia
head (H) vizeriey tail (T) uaziagiananiensauiu uanssiufeinsgvsenesviae (HH or TT) fidu A zld
U $1 1ndiau B wanantiy glau A aeAaadng fiau B $1
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wrdndnansuunudmiudiau A 1Buludsuil B deluid Tnelven row-min wae column-max saiusumsIay
VDI LAUNIEDY

gﬂﬁ 8.3: matrix problem

By B7r  Row min
Ay 1 -1 -1
Ar | —1 1( -1
Column max 1 1

! . . .. a 3 o o é’l’ =l a £

A1 maximin wag minimax YaanuAATY - $1 and $1 auaay nNULUdWRUNTUTaNS (Pure strategy) wsTe
Avaaealilivnnu

HuRenglau A den Ag, didu B anunsaiden By Wieagldsu $1 9 nglau A usianniu didu A aunsaden

Ar iewdsunaduldsu $1 andiau B nsiazildeuwaulugungduansdeildfimaeuiiluwnunisuignd
(Pure strategy)

N

2 o ' '

FeilinsaeshefeInanduionLNUNITUTANS NaA1NaUNRTNEANILTAETENINNAT maximin kazA1 minimax
Youny WuAe

maximin (lower) value < value of the game < minimax (upper) value
Falunni Aesnuazegsewing - $1 81 +$1 (quuuiindin .15 Uszneu)

wuuilndin 8.1.1. 1w (2) wa (b) Whunnduameuunudmiudiou A dulumugud Bd Fued luudasinud
AmouuununIsU3gnd (Pure strategy solution) Tuusiaznsdl munuidugaerusinuasmeavesny

gﬂﬁl 8.4: matrix problem

*(a) By B, B3 By (b) By B, Bz By
Ay 9 6 2 8 Ay 5 -4 =5 6

A, |8 9 4 5 A, | -3 -4 -8 —2

A, |7 5 2 5 Ay | 6 8 -8 -9

A, | 7 3 -9 6

wuuEindin 8.1.2. 10 (@) waz (b) Waendnansuunudmiugidu A Wunusuil B3 dudad asmedives p
waz q Avilii (A2, B2) ugmenusi

wuuiiniia 8.1.3. inuduanstl aminduanouunudmivgidu A lunugui B4 awndasmesweansluusiay
nseil



108 Uil 8. MQUHiINy GAME THEORY

U7l 8.5: matrix problem

@l

(a) By B, Bj (b) By B, B
A |1 g 6 Ay 2 4 5
Ay | p 5 10 Ay |10 7 ¢
A; | 6 2 3 As | 4 p 6
U7 8.6: matrix problem
*(a) By B, By By (b) B, B, B; B,
A 1 9 6 0 Aq -1 9 6 ]
Az 2 3 8 4 A, | -2 10 4 6
Ay | -5 -2 10 -3 As 5 3 0 7
Ay 7 4 -2 -5 Ay 7 -2 8 4
(c) By B, B; (d) B, B, B; B,
A | 3 6 1 A | 3 7 1 3
Ay 5 2 3 Ay 4 8 0 -6
Aj 4 2 =5 Asz 6 -9 -2 4

WuuRndia 8.1.4. USEaesuIEnudaiuuiedum ?fwmzﬁlmazwﬁmﬁm%mammmag 50% NN15UTUUTINER-
fouatlugraitthuin urazudmsdosnsmaunumansnatslu Tnedsiiaesustnliaddavan daundinisnan
%é’l’qmagjﬁ 50% uidniheladenisaslavanldfninfazldduutinisnainiiy PNMINTIINUTIGNA 50%
whiiannsleeanvnedil gnan 30% whdamslavanmailadenun gna1 20% whianislawamnding

1. afrelm il dununddiauaspunadnssandugud mdonslavanveusiazu3on

v
o K

2. MdUeIAIvBINY INNHEiiLIUUSaVSa S uUSYnTtaRs ol

wuuRinvin 8.1.5. 1 a;; \urvessiums (, j) Vussnduanouunuiid m wny Y09flau A n W Ue3diay B

nanouduvesdiau A 95#igeiidn max min a;; < min max a;;
K3 2 J (2
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aduuraziluLaznszuIUNsaLlALAGRAN Probability

and stochastic processes: Markov Chain

N3¥UIUNIS stochastic AYAveIFwlsdl random variable NimswWasuudasiuaussezia fegranilafe
msnsannsisunUaesiuusdulundazanvesian Il X, Wunadnuugvesssuuluna ¢

N3¥UIUNNT stochastic wuy discrete-time AaaudNiusvawiuUsdy Xo, X1, Xa, - . -

o 1

779819 9.0.1. Aaeuzvasinaeniy WilnaaiuaunidiRueeuiEudy 2 aeaans luwdazgavedian 1, 2,
3, ..., | thwiluaudazniu 1 eeaans Wnefinudululafassusidu p uwavwiidu 1 — p iWhvsnevesmswiiui
A a

Aefivusin 4 aeaas Fudunisaunyd vsednmmilshonunds SV X, Wunundegluganan ¢t 5azaunse
199 Xo, X1, Xa, . .. \Uu nsgui1n1s stochastic WuU discrete-time

wazladn Xo = $2 Juafiudueu usadug X; uer X, wasanildueigu

I51Senanunsalluanuaeiil AU YEILNEINTL gambler's ruin
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A99819 9.0.2. N1sidengnituainta Busuananiiu 2 gn Tindlula lumsidendugniiuainiadiazgn
onlagnnd Iilewwisegy wdmnUaeud dlagnitlaid ileumsey
fneeniy avdsugniunlindluduns

1% Y a a ay o @ Ao
feeniey adsugniiunlindlude

T ¢ JGuganauansdgniiundinmslouwitey wmaudnyazvesszuuiivazilu@amz)iagld nszuiuns

stochastic LUU discrete-time

N3¥UIUMNT stochastic WUU continuous-time ABNT¥UIUNNT stochastic NauNsaNBIdNYAEYRITEUULA NN

sreva MegaudnuIugnAluiu super market
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9.1 Introduction

[

ASEUIUNNS stochastic wWUU discrete-time Nilanwae AL USEANUTNS8NI1 Markov chain Tuntiis1agRasan
Markov chain Nfldnwasnugiufaselul

f91U7U states @n122110A

o

nuy P( X1 = i1 Xy =0, ..., X1 =11, X0 = 1) = P(Xi1 = 0441 | Xy = 1)

wadianwad P(Xi1 =X =1) = pij
ThufeauuRguanuasi(uasanutgduresaniugaina i 1 ) stationary assumption
TN pij Tnfumnuiasduresnisiudsuriu transition probability

g3 Markov chain uazteueulugy matrix
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f10819 9.1.1. duuauUNuATaUTIVNHarIasus wagauludAusausIMNEANaIeTasus nilsluinAusosus

WANMEUTINN

v
=

991 state Wag transition probability matrix Aunzauivaaunsalil

3591 191 X, \Ju state (@n1g) vesszuuiinal n

[ '
a v oA

Tufil flaes states Aonsilusaussynusosaus dmsUAUN n (AUl n+1 AoAudaaindull Aufl n-1 AeAunou
v &, I3 P o a1 A ' o A
yndl) Anudululanluaniig n ludsaanie n+l dafndueu dufe

Wl py; danduanudululdmudymi

v a

p11 = fudl n+1 WWusaussyn Wedud n Jusausinn

o A

P12 = AUl n+1 WWusasud WeAud n Jusaussyn

po1 = fudl n+1 WWusaussvnidle Aud n Jusaeud
P2 = Audl n+1 1 Wusasud Wedud n Jusaussnn
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25 .
P 5 .75
2 8

AN5799 9.1: matrix components representing probability

‘3ﬂUiiﬂﬂ SOUUA

FOUTINN 25 75
S8UR 2 8



114y 7//77‘ 9. prwsiiuiasnszuaunsalauaain PROBABILITY AND STOCHASTIC PROCESSES: MARKOV CHAIN

wUURNIR 9.1.1. 9311 transition matrix YosUgmIANUBUETRItNIaINIY gambler's ruin

UM 9.1: nsmuansmsiudeuaniizvesdymanumeuzvestiniaamiiu

SO OO OO

1—p
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wuuBniia 9.1.2. withuwianilsflanimennaluwsas Sudutuiesihudulavioiuihasu lutuifhesy azdanu
Jululaniugeauaziduiuiiasy 80% Tutuiiviesihudula szinnudululiniujstuesduiunviesiuaula
90%

auanadaymilluguwuu Markov chain
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9.1.1 n-step transition probabilities

matrix P vesiieg

25 75|
2 8|

&, ' <, ~ | 1 | ) o
Wuenuinagdureansidsunnuananusyeassuulurilerianal ey 1 fu)

(SIS (V]
| I

(SN
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AutaziuvesnsUasunulugesianan (Meiu 2 fu) Aedu
P2 _ 25 .75 . 25 .75 ~ 2125 7875
12 8 2 8| |21 719

3 17 63
_ . 1| _ |8 ®0
- 4| T2 79
5 100 100

(SN
(SN [V
[N
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' 3 a ' ' | ) o a &
war AuUnaztduresnsildsurnuluauginan (e 3 au) Andu

P _ 25 .75 2125 .7875| |.210625 .789375
2 8 21 79 | | 2105  .7895
[1 §] [g @] [ﬂ @]
— 4 4 . 80 80 — 1600 1600
1 4 21 79 421 1579
5 5 100 100 2000 2000
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waz AuUaziluveInsdsunnuludtiaan (ieiu 4 fu) aadu

. [.2100531 .789469]

210525 789475

13 337 1263 6737 25263

_ |4 2|, |1600 1600| _ [32000 32000
1 4 421 1579 8421 31579
5 5

2000 2000 40000 40000
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AnunzduveIn siuasuNulutanal (Medu 5 fw) Andu

b5 [.2100527 .789474]

2105226 .789474

1 3 6737 25263 134737 505263

— |4 4] . [32000 32000 | _ | 640000 640000
1 4 8421 31579 168421 631579
5 5

40000 40000 800000 800000
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Autnaziuvesnsiuasuniuly 6 ¥asnan ey 6 fu) Andu

%] [134737 505263] i [2694737 10105263] i [0.21052632812 0.78947367187
i - =

5

Ps =

640000 640000 12800000 12800000
168421 631579 3368421 12631579 0.2105263125 0.7894736875

16000000 16000000

(SN

800000 800000
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Anuthazduresnswasurulutisan n > 6 3ull (hatumanes Au) Andu

L |.2100526 789474
©1.2105226 .789474

9.2 Classification of States

e 9.2.1. T state i uaz j path %38 @une 910 i U j Aenisiumsluwsiaztunausuan i lWWauaad j lne

weazdumauilanuduldlanduuln

state j is reachable 3o @u15alUld 970 state i 678 path 5o W@Wns 1A i 1Y |
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fgu 9.2.2. state i Wag j is to communicate %39 AARDAU 01
state j is reachable %38 awnsalula a1n state i way

state i is reachable %50 a@wnsalUle 910 state j
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To1m 9.2.3. set S 1Ju closed set 30 Waln

aladl state j 919uan set S 91 reachable 39 @wnsaldld a1n state Tajlu set S 1a

flgnn 9.2.4. state i 1Tu absorbing state #3® state a9 0 pi =1
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fau 9.2.5. state i 1Ju transient state #13 state j 71 reachable w3 awnsaluld 910 state i ust state i Tl
reachable %38 luaunsalula a1n state j
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Te13 9.2.6. 61 state i LU transient state a¥i58n31 recurrent state
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Wy 9.2.7. state i (58031 periodic 778 period k > 1 01 k Aedwundesiannlslunisiauniin i wandu

1AL

01 state i Ll periodic 1519¥138n11 state i 11 aperiodic
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Hgm 9.2.8. 91vN state recurrent aperiodic kA communicate auwaziY 1571981380 Markov chain U3

ergodic

79819 9.2.1. Ergodic

O N|= Wl
B O win
Bl Nk O
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129819 9.2.2. Nonergodic

1200
1 1

1300
0021
00 %3
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79819 9.2.3. Ergodic

O W |~
WIN W Nl
Wli= O =



9.3. STEADY-STATE PROBABILITY

9.3 Steady-State Probability

9% markov chain U ergodic
dlo 7 = [71 7T2i| Ju limiting probability

eilaauURcail

7P =7 auaudAves limiting probability

d m=1 eauaudhvesnudu probability

i

CE 1| B ES

7T1+7T2:1

(SN
(SN TN]

™ 1
Zl—i-g(l—’ﬂ'l):’ﬂ'l

[m 7@} - [é E} - [0.210526315789473684 0.789473684210526315

19 19
(i i
pr— Py Py _ Pn(n) P12(n)
Py Py P21(n) ng(n)
aglen
Ilm P”(n) =Ty

n— o0

131

(9.1a)
(9.1b)

(9.2a)

(9.2b)

(9.3)

(9.5)

(9.6)
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wuudndda 9.3.1. dugiuvesaseunivadiuansauusldiduludios yudles wazdiuuen luusazl 15%
vaansauAIvIllaszdellaguuilos uay 5% draluagtnuuen 6% vesrseuaiivulies avdeluagluiilos
wag 4% elagtnuuen 4% vesnseuaiaviuuen asdelusgluiles uar 6% delusgviuiles

1. anuuaziduvesrudiedulindnassaziduriiies svuiies wazautiuuen Wuwile

¥

2. UNHAsaUAS UMDY 40 % ASBUASITIULLBY 35% ATOUASITINUDN 25% BndadlariAsaunsivd

Wesmadudndmwinle swesen 1o = |4 .35 25| 10 initial probability

3. dnadruluszezynvesdugiuaseundivnewdiuduinle
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WUURNYR 9.3.2. NFBENs

1. vdsnwiuly 2 a3wds sxdinnudululdvilusiiasivued $3

el

2. wav il 2 Asauds agdenudululdvinlnsnasiivuey $2

3. waanniuld 3 aswds axfinnudululdvinlvsiasiinuey $2
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= o [ A A a a A . 9 a 4
wuuRnsin 9.3.3. ilusaindiin3eshulaan 2 wlnde coke Wwaz pepsi 3MNNITAITIAINGANTIU AUNTD coke 9%
wWasuluie pepsi assialuandu 10 % wavaui@e pepsi aziuasuludeo coke assinluanilu 20 %

v
A ¥ 1

1. tAugnilstie pepsi kiaz@io coke Tunufidosdnanuuilnisauuiazidumile

e

¥ '

2. tAuquilste coke WAITo pepsi Tunufiauinanuuilmeauuraziluwinla

3. 279 diagram LaATIINUDIANBUY
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wuuEniia 9.3.4. 9nfeEg "1 n-step transition probabilities famnalull
1. vdwngniiugeudesgninumdifends anudululineed state u [0 2 0]

2. ndnnsmgniiuseuaunss anudululaness state Ju [0 1 1]

Hint:
State

[0 1 11020002 [200]7[1 107 01]
0 1 1] 0 1 1 0 0 0
[0 2 0] 1 0 0 0 0 0

p_ 100 2] 1 0 0 0 0 0

2 0 0] 0 0 0 0 1 1
[1 1 0] 1 i 0 0 0 1
(1o 1] 1 0 : 0 1 0

TABLE 1

Computations of Transition Probabilities If Current State Is [1 1 0]

Event Probability New State

Flip heads and choose unpainted ball [0 2 0]

Choose red ball
Flip tails and choose unpainted ball

1o 1]
0 1 1]

S

ol

FIGURE 2
Graphical
Representation of
Transition Matrix
for Urn
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N ¥HVanIAY Queuing theory

2 a N ! N & o Lo
m3sersluumiiufanssuinnaumeUszauuaznuinaildluidudnnuumaa luuniasiannsuuuuni
AdlnAARSEYSULIADY YiTORN

nseneluuniavdslunisaeumanuvansegrivessruuuanes wuluiegeelud
1. gliuins server 1anuludadiuiinia
2. Ammaniwesiiuiugnd customer Tuugaseiduwitla
3. mmeanisesnansevesgndiuuanreeluitla
4. MINsEAeRveIninaziu probability distribution vesUsinagnAlukmneeduwitla
5. probability distribution vesanseneevesgndnduitle

v o

6. fgdan1sswansieinsiignanasldinanseuiunit 5 unfiliiies 1% vsetesninannduiuvesgnm
o a

Ve Agfeuininauegusedndesusnig

779819 10.0.1. [6] 318 MTIMUAI McBurger H909UIN15A1UYRY §AAN1S McBurger silaen15UTUUTIN5e
W57y Favhns@neenuduiudsenindiunuiesuinisuaznalsensevegnan lonan1sAnyfwi5199

15799 10.1: TayaannmIfnsANUARUETEnINEILINYRIUINITHALIIANTORDEYRINA1YBI U McBurger

FIUIULBIUTAS 1 2 3 4 5 6 7

nmsaﬂamaaqﬂﬁﬂmméa 16.2 103 69 48 29 19 13

ndeyanisfnuidinanagnuiarsersevesgniilaenieody 7 nideddesuinsautes uazanawnie 3
wililefideauinisinges

10.1  99AUSZNDUVDITZUULAIADY

[

ALaunanlusTEUULIARLADANAT customer kay HLTUINNT server lnslidnuaziidosdunnnall

1. The Input or Arrival Process ﬂszmumiﬁﬁzjiwu

137
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2. The Output or Service Process N3zUUN15IAUINIS
3. Queue Discipline anwauznsliuIn1sv0ILnIABY

VAN TENINMIUIVBIGNA interarrival time UazIa1N1TAUINTT service time dnagiiadulduiueu vun
YaaIABY queue size WussAUsznauiddnyvesnsaneisyuu Inelldnwarnisliusnisveaunines Queue
Discipline \Judiuusznaudrdglunisiasieyt anwuguangfdilawn FIFO first in first out LIFO last in first out

1138 SIRO service in random order

10.2 Modeling Arrival and Service Processes

Modeling the Arrival Process suuunszuaunisiingszuu laefiauufigruinmsdiunvasgndnly

stationary interarrival times lngandaui i Whanlusguu 1AM ¢; (random variable) s¥eziIanTEnINQNAY
aospunaniuleg T; = t,,1 — t; In3nszanes distribution Tukuuieaiu laedl random variable 1Uu A way
density function 1Ju a(t) 11agle

PA< ) = / a(t)dt (10.1)
0
LheYe
P(A > ¢) :/ a(t)dt (10.2)
i % W average interarrival time %39 mean

l:/ ta(t)dt (10.3)
Ao

) @ arrival rate
WUURNIA 10.2.1. MU78v04 arrival rate wag mean interarrival time 1Huwwinla

msduvesgnAtinazilunisdu Tae distribution leuwazinaulun1siaseissuudmsu density function
A fig exponential distribution

G exponential distribution with parameter A # density function Ju

a(t) = Aexp (—\t) (10.9)

BE(A) = (10.5)
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o
(YY)

sanulunisesuieszruuininesdidey alinsdvesgnddnanseninegnAlu exponential distribution 7
o . > v\ o d . . . |
19m31 arrival rate (V@IN13WIUVRIgNAT) LUW A %30 mean interarrival time Wu

1
varA = — (10.6)
A
No Memory Property of the Exponential Distribution
wazdl memoryless property A
P(A>t+hlA>t)=P(A>h) (10.7)

%3 exponential distribution 18u distribution wienilauauTR

#9819 10.2.1. P(A>9/A>5)=P(A>T]A>3)=P(A>6|A > 2)
=P(A>4A>0)=P(A>4)

Relation Between Poisson Distribution and Exponential Distribution

‘Vli]‘le}ﬁ 10.2.1. Interarrival time are exponential with parameter A Arewlle Iwaumsunluszuulugiana ¢

\Ju Poisson distribution with parameter At
Poisson distribution with parameter At

_exXp (-

" n=0,1,23 (10.8)

P(N =n)

&1 N 18u Poisson random variable F(N) = varN = \

T N, Wudwunisunvesgndluszezing ¢ azldnungui ol

_eXp (—At)(A)"
N n!

P(N; =n) n=20,123 (10.9)

N, Ju Poisson distribution with parameter At
A favsunagneniiiunluszuuidesiaviienan vise arrival rate 8031101083806

faege 10.2.2. linsdhanTuszuuresgnAsuasidusuugu Inedwnumsdhunvesgndluszes naimvile
& . L. . S a c 1 a
10U Poisson distribution MiW1313mBIALRABLTU A

A Fadudnsnisdnvesgndsientisnian

nfleidunumruLiuvesnutiazidu probability density function pdf fiflAdu
exp (=) (\)*

Pla=k)=2RCNA 1 —0 12 .

fdnsnsdnunvesgnAndu 10 ausetalusezladn Anadevessnugndfidiunsretilualu E(r) = A =
10 Ausatlug
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' 2 A 1 v v ' a v 1Y) v v a
ﬂ:]']ﬂu’]ﬁ]gLUUWQ%I@JNQﬂﬂ’]ﬁJ’]NqIU%’N 15 m‘vﬂfﬂ‘] ﬁ]%‘ﬂ’]lﬂ"ﬂ’]ﬂﬂ’]i‘Vﬂ@G\ﬁ']ﬂ’ﬁw']ll’]sf]@\ﬁﬁﬂﬂqlu 15 umwm =
)\15 mins — 10/4 — 25

exp (7)\15 m‘ms)(Aﬁ mins)o
0!

P(no arrival in 15 mins) =

_ exp(-2.5)2.5° _

]
fag19 10.2.3. saiduindiuluaandlvusnisluwuudumeaseninamsidiuniade 2 uii
1 @ i v b i = v
AnunasduiAsenitnsdhunasiesndt 1 wiimnlaain
A
Pz < A) = [ AeXP (—Az)dz = —€XP (—Az)[g = a — EXP (—AA)

luddnsniswnanaadu \ = % fau? wnual A = 1 larani1sAnensansnad

Pz <1)=1-exp(3)=0.3934

gﬂﬁ 10.1: og

Example 14.4-3

Cars arrive randomly at a gas station. The average interarrival time is 2 minutes. Determine the
probability that the interarrival time does not exceed 1 minute.

The determination of the desired probability is the same as computing the CDF of
x—namely,

A
P{x=A} = / Ae Mdx
0
= —e M4
=1 - e*/\A

The arrival rate for the example is A = % arrival per minute. Substituting A = 1, the desired
probability is

Pix=1} =1-¢ @0 = 3934

WUURNYA 10.2.2. Beer Orders
Trauaunsdades@in) Wuluau Poisson distribution Taeilaade 30 wiasedalus
| 2 % Y A o = ! = |
1. manuuziluignAazdudesdnuig 30 vIaned sening 4 uiuiiesdu
2591 parameter = 2*30
' { v o ¢ o 1 =3 { a — 60
anuiasduiigndavdadessiuou 30 viawed sewine 4 vufaiedu Andy ZLEDC B
2. MALRRY uag standard deviation YBITUIUNNTAITENING 3 YU 1

38%1 A = 30, ¢ = 4 hours WiAade = 4(30) = 120 ¥30 @1 standard deviation t{u 1202 = 10.95
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1 < A 1 U a6 v 1 ' = o
3. wanuihasdunuanseninnisdadesaesiegsening 1 fs 3 unil
ad o
359
W X Wunarsswinnsdudesassvnluniisud awdevesuSunansdndu exponential with

30
)0

parameter (38 rate) 25 = 0.5 VAW

probability density function vesnain1sdsszniadesassanidu 0.5 €XP (—0.5¢) ety

3
PA<X<3) = / 0.5€XP (—0.5t)dt — €XP (—0.5) — exXP (—1.5) — .38 (10.10)
1

wuuElndia 10.2.3. Tinaseninsadaaesrunduluniy mass function Tumisiesiasaldil

NAaNsEINeeL  Anuunasduy

= 1
30 IUTVI 1
1 739 :
2 Fla :

a = |
nanedslunisssempeduwinle

10.3  LLUURNYA

8-8.

(a) Explain your understanding of the relationship between the arrival rate | and the average interarrival
time. What are the units describing each parameter?

(b) In each of the following cases, determine the average arrival rate per hour, |, and the average interarrival
time in hours.

*(i) One arrival occurs every 20 minutes.

(ii) Two arrivals occur every 6 minutes.

(iii) Number of arrivals in a 30-minute period is 10.

(iv) The average interval between successive arrivals is .5 hour.

(c) In each of the following cases, determine the average service rate per hour, m, and the average service
time in hours.

*(i) One service is completed every 15 minutes.

(i) Two departures occur every 15 minutes.

(i) Number of customers served in a 30-minute period is 5.

(iv) The average service time is .3 hour.

18-9. In Example 18.3-1, determine the following:

(a) The average number of failures per day, assuming the service is offered 24 hours a day, 7 days a week.
(b) The probability of at least one failure in a 3-hour period.

(c) The probability that the next failure will not occur within 4 hours.

(d) If no failure has occurred 3 hours after the last failure, what is the probability that interfailure time is
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at least 5 hours?

18-10. The time between arrivals at the State Revenue Office is exponential with mean value .04 hour.
The office opens at 8:00 a.m.

*(a) Write the exponential distribution that describes the interarrival time.

*(b) Find the probability that no customers will arrive at the office by 8:15 a.m.

(0) It is now 8:35 a.m. The last customer entered the office at 8:26. What is the probability that the next
customer will arrive before 8:38 a.m.? That the next customer will not arrive by 8:40 a.m.?

(d) What is the average number of arriving customers between 8:10 and 8:45 a.m.? 18-11. Suppose that
the time between breakdowns for a machine is exponential with mean 5 hours. If the machine has worked
without failure during the last 4 hours, what is the probability that it will continue without failure during
the next 2 hours? That it will break down during the next hour?

18-12. The time between arrivals at the game room in the student union is exponential, with mean 10
minutes.

(a) What is the arrival rate per hour?

(b) What is the probability that no students will arrive at the game room during the next 15 minutes?

(c) What is the probability that at least one student will visit the game room during the next 20 minutes?
18-13. The manager of a new fast-food restaurant wants to quantify the arrival process of customers by
estimating the fraction of interarrival time intervals that will be (a) less than 1 minutes, (b) between 1 and
2 minutes, and (c) more than 2 minutes. Arrivals in similar restaurants occur at the rate of 20 customers

per hour. The interarrival time is exponentially distributed.

*18-14. Ann and Jim, two employees in a fast-food restaurant, play the following game while waiting for
customers to arrive: Jim pays Ann 2 cents if the next customer does not arrive within 1 minute; otherwise,
Ann pays Jim 2 cents. Determine Jim’s average payoff in an 8-hr period. The interarrival time is exponential

with mean 1.5 minute.

18-15. Suppose that in Problem 18-14 the rules of the game are such that Jim pays Ann 2 cents if the
next customer arrives after 1.5 minutes, and Ann pays Jim an equal amount if the next arrival is within
1 minute. For arrivals within the range 1 to 1.5 minutes, the game is a draw. Determine Jim’s expected

payoff in an 8-hr period.

18-16. In Problem 18-14, suppose that Ann pays Jim 2 cents if the next arrival occurs within 1 minute
and 3 cents if the interarrival time is between 1 and 1.5 minutes. Ann receives from Jim 5 cents if the
interarrival time is between 1.5 and 2 minutes and 6 cents if it is larger than 2 minutes. Determine Ann’s

expected payoff in an 8-hour period.

*18-17. A customer arriving at a McBurger fast-food restaurant within 4 minutes of the immediately
preceding customer will receive a 10% discount. If the interarrival time is between 4 and 5 minutes,
the discount is 6%. If the interarrival time is longer than 5 minutes, the customer gets 2% discount. The
interarrival time is exponential with mean 6 minutes.

(a) Determine the probability that an arriving customer will receive the 10% discount.

(b) Determine the average discount per arriving customer.

18-18. The time between failures of a Kencore refrigerator is known to be exponential with mean value
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9000 hrs (about 1 year of operation), and the company issues a 1-year warranty on the refrigerator. What

are the chances that a breakdown repair will be covered by the warranty?

18-19. The U of A runs two bus lines on campus: red and green. The red line serves north campus,
and the green line serves south campus with a transfer station linking the two lines. Green buses arrive
randomly (exponential interarrival time) at the transfer station every 10 minutes. Red buses also arrive
randomly every 7 minutes.

(a) What is the probability distribution of the waiting time for a student arriving on the red line to get on
the green line?

(b) What is the probability distribution of the waiting time for a student arriving on the green line to get on

the red line?

18-20. Prove that the mean and standard deviation of the exponential distribution are equal.
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Application of simulation model for decision making [6]

11.1  Monte Carlo SiMulation

o saa Yy . < a v | LY 1 1
wuudaesanunsalnilenldfie Monte Carlo experiment lnsilunisvaaesiiiunisdudiegn wulunsusy-
1104A7 integrate N13UsEINAY (= 3.14159) w3n1SMUAINDUNEL

29819 11.1.1. 23l8 Monte Carlo sampling Tun1suUszanaAvasituienaw:

(z -1+ (y—2)*=25 (11.1)

51528 5 @, uazdigagudnansdl (z,y) = (1,2).

step 1: mmgﬂwﬂammgﬂﬁ

U 11.1: nsmlves () Tullymdegnei
(=4.7) (6,7)

‘

(1,2)

(—4,-3) (6,—3)

145



146 unil 11. MslowuydIaesanIunisalinanisinaula

A5 11.1: w@vdusendng 0 8 1 ieldlumsdiaesaniunisel

AUEUIENINN 0 e 1

.0589 3529 5869 .3455 7900 .6307
6733 3646 1281 .4871 7698 .2346
4799 7676 2867 .8111 .2871 .4220
9486 .8931 .8216 .8912 .9534 6991
6139 3919 8261 .4291 .1394 9745
5933 7876 3866 .2302 .9025 .3428
9341 5199 7125 5954 1605 .6037
1782 6358 .2108 .5423 3567 .2569
3473 7472 3575 4208 .3070 .0546
5644 8954 2926 .6975 5513 .0305

PngUnsmAmdennls wvduazgninilaadugaquilduiiuidamioniy Jsaglidugndy Wedynduluiiug
awdsululSunangay (UINNANAITANLTDALNANIUANG) N1SIATIENUSEUNUNURINANEIUITaN LA AN

¥

WuNAWRLY Ame SnsdmUTiagaluinad mImeUsINuIRTaLe Augnsaal

¥ 4 ¥ odd USunaugaluienay
NUNWNNAU 2 WUNFLAQYN X :

- z (11.2)
USHIUATIINLA

maavdullaiadugaluiuidwdenaunsavildleetiavduansds (z,y) Wabegdudu (fi(z), f2(y))
Ingueesearauen 1 (wudusening 0 e 1) Miluszeganueniviiuanuniawiueu-wuiwny o) 1833l
Adey FensganavduiwsnmesreAuNNt AntuuINAUIn To wsnvesdmie aldans

f1(z) = zo + anuniauwuiueuvessUamaen X x (11.3)

fognau Tugun Alen

Wie 2o = —4 uar AnunIauueuYeIsUAmAsY = 10

filz)=—-44+10x x (11.4)

PNUUVIFULRSIAUAULUIAT (AU )

wuuiinda 11.1.1. auansinAedudusnmunIad aunsathluaisgalufiundmdounugud 1111 5
wdsdeluiio

(-3.411,3.733), (.799,6.486),(2.139,2.933),(5.341,-1.218), Uaw (-527,2.644)
uduandifiuingafieglunaufegadetelud

(-3.411,3.733), (.799,6.486),(2.139,2.933), WLag (-.527,2.644)
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lvinnsvan 5 90 1 Ineglulnau 4 9n

F9UsEUIUINNTSYIN Monte Carlo simulation @laNuisnaudadulseunu &~ 10 x 10 x % = 90
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[

Jadnn
1. dWinwndets n ieanuunves variance
2. Wmsien N seu
An
1. aunves n msiduwinles
2. Fowhen N whlns

PNTeFuNALAEANNRINAT MY n wag N agvhbviveuwsndulavesdiuniauuauiy (A1asanegluyi
TuavasifienIsUszauNMsULRTY) femeduredwioluil

% A waz s 1WuA1 mean wag variance ¥03n1591197 N sau 17 o Wuensesiuanusiula confidence level ag
Toaeanuiulavasiunaswes A Ay

S S

Nt%,Nfl <A< A+

A— to N1 (11.5)

2

AwsIElees ta v WINASN tdistribution BY Welddimmiiula o war ewnmudasy degree of
freedom N — 1

11.2 LUURNYA
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Appendices

Al Revised Simplex Method
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Assuming the LP has m constraints and n variables,

A79819 Al.l. []] U3¥W Giapetto’s Woodcarving nanvadiauldaetagaforiunmsuassaln vunmsuely
51 27 Aeaa wotuuarliTagAu 10 Aeaans manAnvuusardndu UL uLAY overhead 14 peAan$
solwnelumm 21 seaansedunarlifagiu 9 aeaans mssaliudazduifinfunuulsiulas overnead 10
Aoaa1s MIkanvunmIkae salvldussnuaesUssinnfealduas drannusis iunmsusazdldnisanues 2
Hilus wazussamanalsl 1 Hlus salviusagdlinisanuss 1 $als wazussnuddlsl 1 9l Tuusas dunnsi
U3t Giapetto’s Woodcarving ansnsamingauldegiailosme udsiussnunnuss 100 daluuazusanutals
80 a1 50yl demand laidAnusvumvnsugldlaiiu 40 MsedUani U Giapetto’s Woodcarving #aanns
Ielssoduavinigaiian (seld-sumu) sadsufmuansidaduidimduaunsnaniliilsiiganlog revised
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151@11150L variables W lmduannislasadl
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JUN A.2: n91vluand feasible region vaadaym way basic feasible solution &
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9 1 100
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10 40
N (@)
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\51L80n first indexed variable #3iA1 reduced cost 410031 0 TunilAe 1
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first indexed variable 915A1 reduced cost 41NN 0
151800 leaving variable 971 ratio test
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21N (@)
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08 T A index V99 entering variable Ao x; T iteration i
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2. lteration 2
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210
B = 0 1f,
1 00
1
N=110
0 1
rp = |:2 —3} (A.16)
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1A ratio test
100
B7'b =120 (A17)
40
0
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1

511831 25 10U leaving variable
3. Iteration 3
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100
10
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0

rp — [_2 1} (A.19)
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JUN Ad: n51vluand feasible region veadaym way basic feasible solution &
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JUN A5 n91vluand feasible region veadeym way basic feasible solution &
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ARl entering variable Anautlagtu optimized uan

r* =120 60 0 O 20] way z* = 180 tufenswanvunms 20 # salw 60 Fsiodai axdaa

Wlanlsgegan 180 meaa1ssedunm

A2  Second appendix



More appendices

Bl

AINI9E0a

14

O 00 N O U1 A W N -

N N N N NN P PR, P P P P P P
O B O N » O Vv 00 N &0 0 A VO N —» O

8

STUDENT'S ¢ PERCENTAGE POINTS

60.0% 66.7% 75.0% 80.0% 87.5% 90.0% 95.0% 97.5% 99.0% 99.5% 99.9%

0.325
0.289
0.277
0.271
0.267
0.265
0.263
0.262
0.261
0.260
0.260
0.259
0.259
0.258
0.258
0.258
0.257
0.257
0.257
0.257
0.257
0.256
0.256
0.256
0.256
0.253

0.577
0.500
0.476
0.464
0.457
0.453
0.449
0.447
0.445
0.444
0.443
0.442
0.441
0.440
0.439
0.439
0.438
0.438
0.438
0.437
0.437
0.437
0.436
0.436
0.436
0.431

1.000
0.816
0.765
0.741
0.727
0.718
0.711
0.706
0.703
0.700
0.697
0.695
0.694
0.692
0.691
0.690
0.689
0.688
0.688
0.687
0.686
0.686
0.685
0.685
0.684
0.674

1.376
1.061
0.978
0.941
0.920
0.906
0.896
0.889
0.883
0.879
0.876
0.873
0.870
0.868
0.866
0.865
0.863
0.862
0.861
0.860
0.859
0.858
0.858
0.857
0.856
0.842

2.414 3.078
1.604 1.886

1.423

1.638

1.344 1.533

1.301
1.273

1.476
1.440

1.254 1415

1.240
1.230
1.221

1.397
1.383
1.372

1.214 1.363

1.209

1.356

1.204 1.350

1.200
1.197

1.345
1.341

1.194 1.337

1.191
1.189
1.187
1.185
1.183
1.182
1.180
1.179
1.178
1.150

1.333
1.330
1.328
1.325
1.323
1.321
1.319
1.318
1.316
1.282

159

6.314 12.706 31.821 63.657 318.31

2.920
2.353
2.132
2.015
1.943
1.895
1.860
1.833
1.812
1.796
1.782
1.771
1.761
1.753
1.746
1.740
1.734
1.729
1.725
1.721
1.717
1.714
1.711
1.708
1.645

4.303
3.182
2776
2571
2447
2.365
2.306
2.262
2.228
2.201
2.179
2.160
2.145
2.131
2.120
2.110
2.101
2.093
2.086
2.080
2074
2.069
2.064
2.060
1.960

6.965
4.541
3.747
3.365
3.143
2.998
2.896
2.821
2.764
2.718
2.681
2.650
2.624
2.602
2.583
2.567
2.552
2.539
2.528
2518
2.508
2.500
2.492
2.485
2.326

9.92522.327
5.84110.215
4.604 7.173
4.032 5.893
3.707 5.208
3.499 4.785
3.355 4.501
3.250 4.297
3.169 4.144
3.106 4.025
3.055 3.930
3.012 3.852
2977 3.787
2947 3.733
2921 3.686
2.898 3.646
2878 3.610
2861 3.579
2.845 3552
2.831 3.527
2819 3.505
2.807 3.485
2797 3.467
2.787 3.450
2576 3.090



160 N11A0UIN B. MORE APPENDICES

B2 Second appendix



UT3tUIUYNIA

(1]
(2]

(3]

(4]
(5]
(6]
(7]

P
s &

fnnad magil. lUsunsuladadndidesdu. 2019.

Saul | Gass and Arjang A Assad. An annotated timeline of operations research: An informal history,

volume 75. Springer Science & Business Media, 2005.

Frederick S. Hillier and Gerald J. Lieberman. Introduction to Operations Research. McGraw-Hill, New
York, NY, USA, tenth edition, 2015.

Sheldon Ross. A First Course in Probability 8th Edition. Pearson, 2009.
Thomas L Satty et al. The analytic hierarchy process, 1980.
Hamdy A Taha. Operations Research An Introduction. © Pearson Education Limited 2017, 2017.

Wayne L Winston and Jeffrey B Goldberg. Operations research: applications and algorithms, volume 3.
Thomson Brooks/Cole Belmont, 2004.

161



	ประมวลการสอน
	linear algebra
	probability
	ระเบียบวิธีการดำเนินงานวิจัยเบื้องต้น
	แนะนำระเบียบวิธีการดำเนินงานวิจัยในการแก้ปัญหาทางวิศวกรรมอุตสาหการ
	OR Timeline gass2005annotated


	Basic Optimization Problems
	เทคนิคการแก้ปัญหาเชิงกำหนด Techniques for solving deterministic problem
	แบบจำลองทางคณิตศาสตร์ Mathematical models
	Multiple Optimal Solutions
	Infeasible LP
	A Diet Problem
	ปัญหากำหนดการเชิงเส้นอื่นๆ

	กำหนดการเชิงเส้น Linear programming
	วิธีกราฟ graphical method 
	วิธีซิมเพลกซ์ Simplex method

	ปัญหาคู่ควบ Primal-Dual problems
	ขอบเขตบนและขอบเขตล่างของปัญหา optimization
	ทฤษฎีปัญหาคู่ควบ duality theory


	Some Discrete and Interative optimization problems
	กำหนดการเชิงไดนามิกส์ Dynamic programming
	Dijkstra's Shortest Path Algorithm
	Dynamic Programming on 0-1 Knapsack Problem

	กำหนดการเชิงเส้นผสมจำนวนเต็ม Mixed Integer linear programming

	The Transportation and Assignment Problems
	ปัญหาการขนส่งและส่งผ่าน Transportation and transshipment problems

	Network Optimization Models
	แบบจำลองเครือข่าย Network models
	คำศัพท์
	ปัญหาประยุกต์ในอุตสาหกรรม
	วิธีการ algotirhms


	ปัญหาการมอบหมายงานและแบบจำลองพัสดุคงคลัง Assignment problems and Inventory model
	ปัญหาการมอบหมายงาน Assignment problems
	แบบจำลองพัสดุคงคลัง Inventory model

	การวิเคราะห์การตัดสินใจ Decision Analysis
	เทคนิคการแก้ปัญหาที่ไม่เป็นปัญหาเชิงกำหนด Decision Making Under Certainty - AHP
	 การตัดสินใจภายใต้ความเสี่ยง decision making under risk
	แบบฝึกหัด

	ทฤษฎีเกม Game theory 
	คำตอบที่ดีที่สุดของเกมที่มีผู้เล่นสองคนผลลัพธ์รวมเป็นศูนย์

	ความน่าจะเป็นและกระบวนการสโตแคสติก Probability and stochastic processes: Markov Chain
	Introduction
	n-step transition probabilities

	Classification of States
	Steady-State Probability

	ทฤษฎีของแถวคอย Queuing theory
	องค์ประกอบของระบบแถวคอย
	Modeling Arrival and Service Processes
	แบบฝึกหัด

	การใช้แบบจำลองสถานการณ์เพื่อการตัดสินใจ
	Monte Carlo SiMulation
	แบบฝึกหัด

	Appendices
	Revised Simplex Method
	Second appendix

	More appendices
	ค่าทางสถิติ
	Second appendix


