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Abstract—We propose a quantization scheme based on a Kd (K

dimensional)-tree algorithm for signature sequence in a reverse-
link direct sequence (DS)- code division multiple access (CDMA).
With a few feedback bits, a receiver quantizes the optimal
signature that minimizes interference for a desired user, and
relays it to the user via an error-free feedback channel. A
user performance depends on the quantization codebook and
a number of feedback bits. We show the performance of the
proposed Kd-tree codebook with a nearest neighbor criterion
and derive the performance approximation. Also we modify the
Kd-tree scheme to search for the entry in the codebook, which
gives the least interference. Numerical examples show thatthe
Kd-tree codebook performs close to the optimal codebook with
only fraction of computational complexity.

I. I NTRODUCTION

To increase a user performance in a direct sequence (DS)-
code division multiple access (CDMA), a signature sequence
for a desired user needs to be optimized for current channel
and interference conditions. A receiver, which can estimate
channel state information (CSI), can compute the user’s opti-
mal signature and sends it to the user via a feedback channel.If
the channel is changing slowly, the signature update needs not
be frequent and can greatly improve the user performance [1].
A feedback channel is rate-limited and therefore, the user
signature optimized at the receiver must be quantized before
feeding back to the transmitter, which updates its signature
sequence, accordingly. The resulting performance will depend
on a quantization scheme used to quantize signature and a
feedback rate.

References [1]–[5] have proposed codebook designs, which
depend on channel and interference statistics. (In a multi-
antenna channel, a signature refers to a set of spatial transmit
coefficients.) Assuming that interfering signatures are inde-
pendent and Gaussian distributed, we proposed a random
vector quantization (RVQ) codebook [1], [6] whose entries are
independent and isotropically distributed. RVQ is motivated
by the fact that the optimalunquantizedsignature is the
eigenvector of a interference covariance matrix, corresponding
to the minimum eigenvalue. The distribution of the eigenvector
is isotropic. In other words, the optimal signature is likely to
point in any direction of the signal space. RVQ was shown
to be optimal (i.e. minimizing interference) in a large system
limit in which processing gain, number of interfering users,
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and feedback bits all tend to infinity with fixed ratios. Even
though optimality is achieved only in a large system regime,
RVQ performs close to the optimized codebook for a finite-
size system as well [7].

To locate the optimal entry in an RVQ codebook, exhaustive
search is required. Since a number of entries in an RVQ
codebook grows exponentially with number of feedback bits,
search complexity also grows exponentially as well. Ref-
erence [8] proposed a low-complexity quantization scheme
based on a noncoherent detection technique. Elements for code
entries in [8] are constrained to be PAM symbols for real
vector entries or QAM symbols for complex ones. A search
complexity of this PAM codebook is much less than RVQ
and it performs very well for a large feedback. However, its
performance is lacking for small number of feedback bits.
This dues to a nearest neighbor criterion, which PAM scheme
employs to locate the selected entry. We note that the entry
that is nearest to the optimal unquantized vector does not
necessarily minimize interference power.

In [9], we proposed to organize entries from RVQ codebook
into a binary search tree. The entries are clustered in each step
by the generalized Lloyd algorithm [10]–[12]. The associated
search complexity for this tree-structured RVQ increaseslin-
early with feedback bits. However, the performance of this
tree-structured codebook is significantly inferior to the original
RVQ codebook with exhaustive search. In this paper, we
improve the tree-structured RVQ by applying aK-dimensional
(Kd)-tree algorithm proposed by [13], [14]. Kd-tree represents
a set of points in aK-dimensional space and supports a
nearest neighbor query. First, we apply Kd-tree to locate the
code entry in RVQ codebook, which is the nearest neighbor
(closest in Euclidean distance) to the optimal unquantized
vector. The associated performance is approximately equal
to that of PAM codebook. We also derive the performance
upper bound and show that it is a good approximation for
the performance of Kd-tree. Then, we modify the objective
of the search algorithm for Kd-tree from Euclidean distance
to the optimal signature vector to an interference power. The
Kd-tree search with modified objective performs very close
to RVQ with exhaustive search and requires fewer orders of
magnitude in computational complexity.

II. SYSTEM MODEL

We consider a discrete-time reverse-link DS-CDMA with
K users and processing gainN . Assuming an ideal nonfading
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channel, theN × 1 received vector is given by

r =

K
∑

k=1

skbk + n (1)

where sk is the N × 1 signature vector for userk whose
element is independent and Gaussian distributed with zero
mean and variance1/N , bk is the transmitted symbol for user
k with zero mean and unit variance, andn is theN×1 additive
white Gaussian noise vector with zero mean and covariance
σ2

nI whereI is an identity matrix.
We assume that a receiver for user 1 is a linear matched

filter given by
c1 = s1 (2)

and the associated output signal-to-interference plus noise ratio
(SINR) for user 1 is given by [15]

γ1 =
1

s
†
1S1S

†
1s1 + σ2

n

(3)

where† denotes Hermitian transpose andS1 is theN×(K−1)
signature matrix whose columns are the interfering signatures
{s2, . . . , sK}. The matched filter was shown to perform
worse than other more complex receivers, e.g. linear MMSE
receiver [15]. However, its performance can be improved
significantly when it is combined with a feedback scheme with
a few feedback bits [1].

As we can see from (3), the user performance is a function
of signatures1. By adaptings1 to minimize the interference
power given bys†

1S1S
†
1s1, we can improve the performance.

Given the interfering signature matrixS1, the optimals1 is
the eigenvector of the interference covariance matrixS1S

†
1

corresponding to the smallest eigenvalue. In a typical wireless
setting, the receiver can estimate the interference covariance
during training and thus, can compute the optimals1. With
B bits, the receiver can quantizes1 and relay the quantized
signature to user 1 via an error-free feedback channel. Then,
user 1 adjusts its signature accordingly. Here we implicitly
assume that channel is changing slowly and hence, a feedback
from the receiver is meaningful.

A singular value decomposition gives

S1S
†
1 =

N
∑

i=1

λiuiu
†
i (4)

whereλ1 ≤ λ2 ≤ · · · ≤ λN are the ordered eigenvalues and
ui is the correspondingith eigenvector. WithB feedback bits,
the quantization codebook

V = {v1, v2, . . . , v2B} (5)

wherevj is the N × 1 codebook entry with‖vj‖ = 1 and
number of entries is2B. The optimalunquantizedsignature
that minimizes the interference for user 1 isu1. We can quan-
tize u1 with a nearest neighbor objective and the quantized
signature is given by

s̄1 = arg min
vj∈V

‖u1 − vj‖
2 = arg max

vj∈V
u
†
1vj , (6)

which follows from the fact both‖vj‖ = ‖u1‖ = 1. This
is a classical vector quantization problem to which there are
many solutions [10] (see references therein). If the objective is
changed to minimizing the angle betweenu1 andvj denoted
by φj , then the quantized vector is given by

s̃1 = arg max
vj∈V

cos2 φj = arg max
vj∈V

(u†
1vj)

2. (7)

With statistics of the eigenvector, we can apply the Lloyd-
Max iterative algorithm [11], [12] to obtain the optimalV ,
which minimizes the expected Euclidean distance betweenu1

and s̄1 or the angle betweenu1 and s̃1. However, either̄s1

or s̃1 may not necessarily minimize the interference power.
To minimize the interference power, the receiver selects

ŝ1 = arg min
vj∈V

v
†
jS1S

†
1vj (8)

for given S1. If the interfering signatures are i.i.d., we have
shown that RVQ codebook, which contains independent and
isotropically distributed vectors is optimal in a large system
limit [1], [6]. The large system limit refers to the limit in which
N , K, and B goes to infinity with a fixed normalized load
K̄ = K/N and normalized feedback bits̄B = B/N . RVQ
codebook is simple to construct. However, RVQ codebook and
many codebooks proposed in the literature require exhaustive
search to locate the optimal entry. This can pose a serious
problem on complexity ifB is large. Next we describe our
proposed quantization codebook, which demands much less
computational complexity, but sacrifices minimal performance.

III. K D-TREE CODEBOOK

We organize code entries in an RVQ codebook using Kd-
tree algorithm proposed by [13], [14]. The algorithm produces
an unbalanced binary search tree by clustering the code entries
by one dimension at a time in each step. Steps to create Kd-
tree is shown in Algorithms 1 and 2. We start at the root
node with all2B entries from RVQ codebookV = {vj}. We
find a median for thefirst elements for all vectors and select
the element that is the closest to the median. We call that
element thepivot. Then vectors are divided into two groups
by comparing whether the first element is greater or less than
the pivot. We store the vector whose first element of each
vector is the pivot at the root node and create the left- and
right-child nodes with two groups of vectors. We move to the
left-child node and find the pivot for thesecond-dimension
elements of the vectors in that node. We divide the group of
vectors according to the new pivot. Each time we move down
the tree, we operate on the next dimension. We iterate until
all nodes contain one code entry and obtain a binary search
tree with 2B nodes at the end. Building the tree is relatively
fast since we examine one dimension at a time. Also it can be
done offline and thus does not add burden on the transmitter-
receiver pair.

A. Finding Nearest Neighbor

Givenu1, Kd-tree search shown in Algorithms 3 and 4 [13],
[14] will locate the entry that is the nearest neighbor tou1.
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Algorithm 1 Kd-TREE construction [13], [14]

1: Start with RVQ codebook with2B N -dimensional vectors.
2: Store all entries at the root of a binary tree.
3: Set n = 1 where n is the index of element in anN -

dimensional vector.
4: kd-tree = build tree(root node,n)
5: return kd-tree

Algorithm 2 function: kd-tree = buildtree(node,n) [13], [14]
1: if Node contains only one vector.then
2: return
3: else
4: if n > N then
5: n = 1
6: end if
7: Sort codebook entries by thenth dimension.
8: Select the median as pivot element.
9: Use pivot to divide vectors in two groups.

10: n = n + 1
11: build tree(left-child node,n)
12: build tree(right-child node,n)
13: end if

Algorithm 3 starts at the root and move down to the left- or
right-child nodes by comparing the element inu1 in specified
dimension with the pivot of the present node. Once we reach
the leaf node, we have the candidate. Algorithm 4 makes
certain that the candidate is the nearest neighbor by comparing
the distance of the candidate andu1 with that of other nodes
andu1. We remark that the selected entry may not minimize
the interference and is the suboptimal entry.

Algorithm 3 Kd-tree search for the nearest neighbor
1: Start at the root of a Kd-tree codebook withu1.
2: Set n = 1 where n is the index of element in anN -

dimensional vector.
3: while Not a leaf node.do
4: if n > N then
5: n = 1
6: end if
7: p = current node’s vector
8: if pn > u1,n then
9: Move to the left-child node.

10: else
11: Move to the right-child node.
12: end if
13: n = n + 1
14: end while
15: s = vector from leaf node
16: D = ‖s − u1‖
17: n = 1
18: s = check distance(root node,n, u1, D, s)
19: return s

Algorithm 4 function:s = check distance(node,n, u1, D, s)
1: if A leaf nodethen
2: sc = vector of a leaf node
3: Dc = ‖sc − u1‖
4: if Dc < D then
5: D = Dc

6: s = sc

7: return s

8: end if
9: end if

10: Dp = p2
n − u2

1,n

11: if Dp < D then
12: if n > N then
13: n = 1
14: end if
15: if pn > u1,n then
16: n = n + 1
17: check distance(left-child node,n, u1, D, s)
18: else
19: n = n + 1
20: check distance(right-child node,n, u1, D, s)
21: end if
22: else
23: n = n + 1
24: check distance(left-child node,n, u1, D, s)
25: check distance(right-child node,n, u1, D, s)
26: end if

Performance of the Kd-tree codebook is difficult to evaluate
analytically. Thus, we look to approximate the performance
instead. We will approximate Kd-tree search with closest-in-
angle search. The interference power with RVQ codebook with
closest-in-angle search is given by

Ĩrvq = s̃
†
1S1S

†
1s̃1 (9)

= λ1(s̃
†
1u1)

2 +

N
∑

i=2

λi(s̃
†
1ui)

2 (10)

where s̃1 is the signature for user 1 that is closest in angle
to u1 given by (7) and the second equation is obtained by
substituting (4). Finding expectation for̃Irvq for finite N , K,
and B is not tractable due to very complicated distribution
expressions. However, as(N, K, B) → ∞, an eigenvalue
distribution ofS1S

†
1 converges to a deterministic function and

the smallest eigenvalueλ1 converges to [16]

λ1 −→ λ∞
min =

{

0 : 0 ≤ K̄ ≤ 1
(1 − 1√

K̄
)2 : K̄ > 1

. (11)

We have shown in [17] that as(N, K, B) → ∞

(s̃†
1u1)

2 → 1 − 2−2B̄ (12)

almost surely. The large system(s̃†
1u1)

2 increases withB̄.
With infinite feedback (̄B = ∞), we can relayu1 unquantized
and (s̃†

1u1)
2 → 1. On the other hand, with no feedback,s̃ is

randomly selected and(s̃†
1u1)

2 → 0.
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Next, we analyze each term in the sum in (10). Sinceu1

are orthogonal to allui, asB increases,̃s andui is getting
closer be perpendicular. We can show that

Lemma 1:For largeN with fixed K̄ and B̄,

(s̃†
1ui)

2 =
1

N
2−2B̄ + O(

1

N2
). (13)

A core of the proof is to derive the distribution of(s̃†
1ui)

2,
which is equivalent to a partial surface of theN -dimensional
unit hypersphere. We substitute (13) into the sum on the right-
hand side of (10) and obtain

N
∑

i=1

λi(s̃
†
1ui)

2 =
1

N

N
∑

i=1

λi2
−2B̄ + O(

1

N
). (14)

As (N, K) → ∞, it can be shown that [16]

1

N

N
∑

i=1

λi → K̄. (15)

Applying Lemma 1 and combining (10)–(15), we have
Theorem 1:As (N, K, B) → ∞ with fixed K̄ and B̄,

Ĩrvq → Ĩ∞rvq (16)

=

{

K̄2−2B̄ : 0 ≤ K̄ ≤ 1

(1 − 1√
K̄

)2(1 − 2−2B̄) + K̄2−2B̄ : K̄ > 1

(17)

almost surely.
Hence, the associated SINR for RVQ that quantizesu1 is given
by

γ̃∞
rvq =

1

Ĩ∞rvq + σ2
n

. (18)

Thus, performance of Kd-tree is approximated by the result in
Theorem 1.

B. Minimizing Interference Power

We modify the objective function in the search algorithm in
Algorithms 3 and 4 to be the interference power for a given
interfering signature matrixS1. The modified search shown in
Algorithms 5 and 6 is in the same spirit as the earlier search
algorithm. At each step, we look for the entry, which gives
the interference power, which is closest to the minimum.

These algorithms however are not guaranteed to find the
entry that minimizes the interference power since the tree we
used is constructed with the nearest neighbor criterion. The
solution will be suboptimal to the exhaustive search. However,
as we will observe from simulation results, this Kd-tree with
modified search performs very close to RVQ with exhaustive
search.

Again, analyzing the performance of this scheme exactly is
not tractable. So, we look to analyze the performance of RVQ.
Reference [18] has shown that

Îrvq = ŝ†S1S
†
1ŝ → Î∞rvq (19)

and Î∞rvq is a function ofK̄ and B̄, which can be used to
approximate the performance of Kd-tree.

Algorithm 5 Kd-tree search for the minimum interference
1: Start at the root of a Kd-Tree codebook with interfering

signature matrixS1.
2: Set n = 1 where n is the index of element in anN -

dimensional vector.
3: while Not a leaf nodedo
4: if n > N then
5: n = 1
6: end if
7: p

(n)
L = [0 0 . . . pL,n+1 . . . 0 0]† wherepL is the

vector of the left-child node.
8: p

(n)
R = [0 0 . . . pR,n+1 . . . 0 0]† wherepR is the

vector of the right-child node.

9: if p
(n)
L

†
S1S

†
1p

(n)
L < p

(n)
R

†
S1S

†
1p

(n)
R then

10: Move to the left child node.
11: else
12: Move to the right child node.
13: end if
14: n = n + 1
15: end while
16: s = vector from leaf node.
17: I = s†S1S

†
1s

18: n = 1
19: s = check interference(root node,n, S1, I, s)
20: return s

IV. N UMERICAL RESULTS

Fig. 1 shows the SINR for user 1 versus normalized
feedback bitsB̄ for loads K̄ = 0.5 and K̄ = 1.2, and
SNR = 10 dB. Simulation results shown are for RVQ and
Kd-tree codebooks with closest in angle and nearest neighbor
criterions, respectively. As expected, SINR increases with B̄.
User 1 can achieve 7 dB and 4 dB with only one feedback bit
for K̄ = 0.5 andK̄ = 1.2 as compared to 3 dB and -1 dB for
zero feedback. Also shown is the asymptotic performance for
RVQ with closest in angle criterion with(N, K, B) → ∞.
We can see that the large system limit approximates the
performance of a small-size system very well. We expect a
gap between simulation and large system results to narrow as
N increases.

Figs. 2 and 3 show the performance of RVQ with closest
in angle, and Kd-tree and PAM with nearest neighbor. All
three performs approximately the same for a given feedback
except whenB̄ < 1, PAM codebook is not valid. We note
that for B̄ between 1 and 2, PAM performs a bit worse
than the other two do. In Fig. 3, we show a number of
inner product computations required for all three codebooks to
locate the selected entries for a given SINR. We see that RVQ
with exhaustive search requires significantly larger number of
computations. For SINR at 7 dB, the complexity of RVQ
is four orders of magnitude larger than that of Kd-tree and
PAM. For low to moderate SINR, PAM codebook is the least
complex while for the other range, it is unclear. Due to finite
storage and computational power, we do not have simulation
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Algorithm 6 function:s = check interference(node,n, S1, I,
s)

1: if Leaf node.then
2: sc = vector from leaf node.
3: Ic = s†

cS1S
†
1sc

4: if Ic < I then
5: I = Ic

6: s = sc

7: return s

8: end if
9: end if

10: p
(n)
c = [0 0 . . . pc,n . . . 0 0]† wherepc is the vector

of the current node.
11: Ip = p

(n)
c

†
S1S

†
1p

(n)
c

12: if Ip < I then
13: if n > N then
14: n = 1
15: end if
16: if p

(n)
L

†
S1S

†
1p

(n)
L < p

(n)
R

†
S1S

†
1p

(n)
R then

17: n = n + 1
18: check interference(left-child node,n, S1, I, s)
19: else
20: n = n + 1
21: check interference(right-child node,n, S1, I, s)
22: end if
23: else
24: n = n + 1
25: check interference(left-child node,n, S1, I, s)
26: check interference(right-child node,n, S1, I, s)
27: end if

results for largerB̄ for both RVQ and Kd-tree. For large
feedback, Kd-tree needs significantly larger storage for code
entries while PAM does not have this issue.

In Fig. 4, we have SINR from three quantization schemes:
RVQ and Kd-tree with minimizing interference and PAM with
nearest neighbor for̄K = 0.5 and SNR= 10 dB. We see
that Kd-tree performs almost the same as RVQ does while
PAM with nearest neighbor performs significantly worse for
smallerB̄. At B̄ = 1, a gap between quantizing to minimize
interference and to find the nearest neighbor is as large as
5 dB. We also show the large system performance for RVQ
derived by [18], which seems to approximate performance of
a finite-size system very closely.

We also examine computational complexity of each quanti-
zation schemes with Fig. 5. The PAM codebook, which finds
the nearest neighbor to the optimal eigenvector is the least
complex. However, from Fig. 4, its performance is the worst
for a given feedback bits. So, what codebook to use depends
on the system need and requirement.

V. CONCLUSIONS

We have presented different quantization codebooks to
quantize the user signature in reverse-link CDMA. Our main
focus is Kd-tree codebook, which was motivated by the need to
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Fig. 1. SINR versus normalized feedback bits are shown for RVQ with
closest in angle criterion and Kd-tree with nearest neighbor criterion.
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Fig. 2. SINR versus normalized feedback bits are shown for RVQ with closest
in angle criterion, and Kd-tree and PAM with nearest neighbor criterion.

lessen search complexity. Kd-tree codebook was shown to per-
form close to RVQ with significantly less search complexity.
We also derived the performance approximation for Kd-tree
with nearest neighbor and showed that it is a good indicator
for the actual performance. Numerical examples show tradeoff
between performance and complexity for different codebooks.
RVQ with exhaustive performs best for a given feedback while
PAM is the least complex. Kd-tree is a compromise of the two
schemes.

We can straightforwardly extend our model to include
fading and other channel characteristics. We expect to see
similar performance behaviors for all three codebooks. Here
we assume that the receiver knows signatures of other users
(or CSI) perfectly. The performance will degrade with the
estimation of CSI or interference information.
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Fig. 3. A number of inner product computations is displayed for RVQ with
closest in angle criterion, and Kd-tree and PAM with nearestneighbor criterion
for a given SINR.
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